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Precision Cosmology: from “what” to “why”  
•  “Now that key cosmological parameters have been determined to within a few 

percent, we anticipate a generation of experiments that move beyond adding 
precision to measurements of what the universe is made of, but instead help us learn 
why the universe has the form we observe. […] observational cosmology will 
probe the detailed dynamics of the universe in the earliest instants after the Big Bang, 
and start to yield clues about the physical laws that governed that epoch. Future 
experiments will plausibly reveal the dynamics responsible both for the large-scale 
homogeneity and flatness of the universe, and for the primordial seeds of small-scale 
inhomogeneities, including our own galaxy.” (Baumann et al. 2008, CMBpol mission 
concept study)  



Physical Origin of Cosmological Parameters 



CMB: a Window to the Physics of 
the Early Universe 



Inflation and Observational Cosmology: 
where do we stand? 

The determination of most of these parameters requires the 
combination of LSS and CMB data on both large and small scales. 



Testable predictions of inflation 
 Cosmological aspects 

–  Critical density Universe 
–  Almost scale-invariant and nearly Gaussian, 

adiabatic density fluctuations 
–  Almost scale-invariant stochastic background of 

relic gravitational waves 

 Particle physics aspects 
–  Nature of the inflaton 
–  Inflation energy scale 



Sources of GWs 





Gravity waves:  
the “smoking gun” of inflation 

  The spectra PR(k) and PT(k) provide the contact between 
theory and observations. The WMAP (+SDSS) dataset 
allows to extract an upper bound, r<0.28 (95% CL) 
(Spergel 2006), or ε<0.017. This limit provides un upper 
bound on the energy scale of inflation 

                          V1/4 < 2.6 x 1016 GeV 

  A positive detection of the B-mode in CMB polarization, 
and therefore an indirect evidence of gravitational waves 
from inflation, once foregrounds due to gravitational 
lensing from local sources has been properly treated, 
requires ε > 10-5, corresponding to  

                           V1/4 > 3.5 x 1015 GeV 



Probing Inflation with CMB Polarization 



Tensor-to-scalar ratio 
C

ooray 2004 



Second-order tensor modes 

tensor projector 

Second-order metric 

Second-order tensor modes 



GW from non-linear cosmological 
perturbations 

Tensor (and vector!) metric modes  
are generated by scalar (e.g.  
density) perturbations as soon as  
the latter become non-linear. As  
a result GW are produced during  
the later stages of cosmological  
structure formation with typical  
period of the order of the Hubble  
time. Carbone & Matarrese 2005 

tensor-mode projection operator 



Secondary tensors 
Matarrese, Mollerach & Bruni 
1998; Mollerach, Harari & 
Matarrese 2004; Ananda, 
Clarkson & Wands 2007; 
Baumann, Steinhardt, 
Takahashi & Ichiki 2007, 
Mangilli, Bartolo, Matarrese & 
Riotto (2008) computed the GW 
background produced at 
second-order by scalar modes 
in various epochs. According to 
Baumann et al. these second-
order modes may even 
dominate the primary 
background on intermediate 
scales. For cyclic/ekpyrotic 
models they always dominate. 

Baumann et al. 2007 



Curvaton and GWs 

In the curvaton scenario for the generation of perturbation, the production of 
primary tensor modes is suppressed by the requirement that inflaton  
Perturbations have negligible amplitude. Bartolo, Matarrese, Riotto &  
Väihkönen (2007) have shown that second-order tensor modes can have 
a non-negligible amplitude, being proportional to the non-Gaussianity  
strength fNL 

For fNL ~ 100 one can easily attain values as large as ΩGW ~ 10-15 in the  
frequency range relevant for BBO or DECIGO 



CMB weak-gravitational lensing: a foreground for the 
(indirect) detection of primordial gravitational waves via B-

mode polarization 

Carbone, Springel, Baccigalupi,  
Bartelmann & Matarrese 2007 



Lensed CMB 
•  Map of the polarization induced by LSS on the CMB obtained from 

the Millennium simulation (Carbone, Baccigalupi, Bartelmann, 
Matarrese & Springel 2008) 



 Non-Gaussianity  

  Alternative structure formation models of the late eighties 
considered strongly non-Gaussian primordial fluctuations.  

  The increased accuracy in CMB and LSS observations has 
excluded this extreme possibility. 

  The present-day challenge is either detect or constrain mild or 
weak (~0.1%) deviations from primordial Gaussian initial 
conditions. 

  Deviations of this type are not only possible but are generically 
predicted in the standard perturbation generating mechanism 
provided by inflation.  



Simple-minded NG model 
  Many primordial (inflationary) models of non-Gaussianity can be 

represented in configuration space by the simple formula (Salopek & Bond 
1990; Gangui et al. 1994; Verde et al. 1999; Komatsu & Spergel 2001) 

                     Φ = φL + fNL * ( φL
2 - <φL

2>) + gNL * φL
3 + …  

   where Φ is the large-scale gravitational potential, φL its linear Gaussian 
contribution and fNL is the dimensionless non-linearity parameter (or more 
generally non-linearity function). The percent of non-Gaussianity in CMB 
data implied by this model is 

                     NG % ~ 10-5 |fNL| 



Inflationary predictions for fNL 



Inflationary predictions for fNL Inflationary predictions for fNL 



NG (and anisotropy) from  
non-Abelian vector modes 

•  Bartolo, Dimastrogiovanni, Matarrese & Riotto, in prep. 

•  Possible realizations: vector curvaton / vector inflation 

•  NG can be large  see E. Dimastrogiovanni’s poster 



NG CMB simulated maps 

Liguori, Yadav, Hansen, Komatsu, Matarrese & Wandelt 2007 



Summary of NG from inflation 

  Quadratic non-linearity on large-scales (up to ISW and 2-nd order 
tensor modes). Standard slow-roll inflation yields aNL~ bNL~ 1 

  -cos 

  Cubic non-linearity on large-scales (up to ISW and 2-nd order tensor 
modes) 

additional contribution to trispectrum (together with fNL
2  terms): 

Bartolo, Matarrese & Riotto 2005; Boubeker, Creminelli, D’Amico, Noreña & Vernizzi 2009   

Include 
SW + 
ISW up 
to 3-rd 
order 

- cos(2ϑ) 



The shape of Non-Gaussianities 

Babich et al. 2005; Creminelli  
et al. 2005; LoVerde et al. 2007 

Different models for the generation of  
NG may lead to a different shape  
dependence of the bispectrum, which  
is very important for constraining NG 

                                                     LoVerde et al. 2007 

local 

DBI 

squeezed configurations dominant 

equilateral configurations  
approximately dominant 



NG as a Test on the Physics of 
the Early Universe 

•  The bispectrum shape measures deviations from standard inflation, 
perturbation generating processes after inflation, initial state before 
inflation, super-Planckian phsyics (together with GW and running 
spectral index). Going to smaller scales and exploiting E-mode 
polarization allows to reach very high sensitivity (small fNL). The 
limitations which apply to local NG do not necessarily apply to 
non-local NG (DBI inflation, Ghost, multi-field, curvaton, 
modulated reheating, non-Bunch-Davies initial states, …). 

•  Statistics of E and B modes, sensitive to CMB lensed by LSS, 
hence allowing to improve limits on primordial (GW induced) B 
modes. Non-Gaussian GW background (from pre-heating 
after inflation, curvaton mechanism, phase transitions, 
secondary GW background).   



WMAP 5-years constraints on fNL 

Komatsu et al. (2008) find  

(after point-source subtraction) 
analyzing 5-year WMAP data.  

The discrepancy with Yadav & 
Wandelt (2007) who found positive NG 
detection in 3-year WMAP data  

(rejection of fNL=0 at more than 99.5% 
CL) can be explained in terms of the 
different mask applied in the analysis. 

Smith et al. (2009) have used the 
optimal estimator for local NG to find 

Constraints on non-local NG are much  
weaker: 

Komatsu et al. 2008 



Constraining Non-Gaussianity from Inflation 
with Planck vs. ideal experiment  

Searching for NG in Planck data will require accurate handling of residual 
NG from systematics (foreground, point sources, NG induced by map 
making). 

Yadav, Komatsu and Wandelt 2007 

Fast estimator extended to incomplete sky coverage in Yadav, Komatsu, Wandelt, 
Liguori, Hansen & Matarrese 2007: see also Creminelli, Nicolis, Senatore & Tegmark 
2006; covariance weighted KSW estimator used by Senatore, Smith & Zaldarriaga 2009 



Second-order (radiation) 
transfer function 

•  The non-Gaussianities measurable e.g. by Planck are 
originated by primordial sources as well as by secondary 
effects + various foreground contaminants. Secondaries + 
foregrounds may give rise to both a bias and a variance in 
the determination of e.g. fNL. All secondary contributions 
are included in the so-called second-order radiation 
transfer function which accounts for some well-known 
effects (gravitational lensing, Rees-Sciama, Sunyaev-
Zel’dovich, Ostriker-Vishniac, second-order Sachs-Wolfe, 
Shapiro time-delay, inhomogeneous recombiation and 
reionization) as well as for a plethora of new terms, the 
latter being roughly equivalent to |fNL| ~ 1 or less (Nitta, 
Komatsu, Bartolo, Matarrese & Riotto 2009).  



NG effects in LSS 



NG and LSS 
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N-body simultions with Non-Gaussian initial data 

Grossi, Branchini, Dolag, Matarrese  
& Moscardini 2007, … 

matter transfer function 

growth suppression factor 



DM halos in NG simulations 

Grossi et al. 2008  



Searching for non-Gaussianity 
with rare events 

  Besides using standard statistical estimators, like bispectrum, trispectrum, three 
and four-point function,  skewness , etc. …, one can look at the tails of the 
distribution, i.e. at rare events.  

  Rare events have the advantage that they often maximize deviations from what 
predicted by a Gaussian distribution, but have the obvious disadvantage of 
being rare! But remember that, according to Press-Schechter-like schemes, all 
collapsed DM halos correspond to (rare) peaks of the underlying density field.  

  Matarrese, Verde & Jimenez (2000) and Verde, Jimenez, Kamionkowski & 
Matarrese showed that clusters at high redshift (z>1) can probe NG down to fNL 
~ 102 which is, however, not competitive with future CMB (Planck) constraints.  

  Alternative approach by LoVerde et al. (2007).  Determination of mass function 
using stochastic approach (first-crossing probability of a diffusive barrier) 
Maggiore & Riotto 2009. Ellispsoidal collapse used by Lam & Sheth 2009. 

    
  Excellent agreement of analytical formulae with N-body simulations found by 

Grossi et al. 2009 



DM halo mass function vs fNL 

Grossi et al. 2009 

Theoretical mass-function 
for NG fields: 
Matarrese, Verde &  
Jimenez 2000; 
LoVerde et al. 2008;  
Maggiore & Riotto 2009; 
Lam & Sheth 2009 



DM halo clustering  
as a constraint on NG 

Dalal, Dore’, Huterer & Shirokov 2007 Dalal et al. (2007) have shown that halo  
bias is sensitive to primordial non-
Gaussianity  
through a scale-dependent correction term  

                  Δb(k)/b  α  2 fNLδc / k2 

  This opens interesting prospects for  
  constraining or measuring NG in LSS but  
  demands for an accurate evaluation of the 
  effects of (general) NG on halo biasing. 

 δhalo = b δmatter 



Start from results obtained in the 80’s by  

Grinstein & Wise 1986, ApJ, 310, 19 

Matarrese, Lucchin & Bonometto 1986, ApJ, 310, 
L21  

giving the general expression for the peak 2-point 
function as a function of N-point connected 
correlation functions of the background linear (i.e. 
Lagrangian) mass-density field  

(requires use of path-integral, cluster expansion, 
multinomial theorem and asymptotic expansion). 
The analysis of NG models was motivated by a 
paper by Vittorio, Juszkiewicz and Davis (1986) 
on bulk flows. 

Clustering of peaks (DM halos) of 
NG density field 



Peaks of NG random fields 
•  For a D-dimensional random field ε, filtered on scale R one defines a 

“peak operator”  

     where one considers only peaks with heigth ilarger than ν times the rms 
fluctuation (on scale R). Here the domain D is over all negative definite 
symmetric matrices. For high threshold ν one expect one peak for every 
up-crossing region. In such a case one can compute the N-point function 
of n>ν by standard QFT techniques (path-integral + cluster expansion) 
finding (Matarrese et al. 1986) 

     with                                         and                   

€ 

n>ν (x,R) = dω
D
∫ (−1)D detω ΘH (εR (x) −νσR )δ

(D )(∂iεR (x))δ
(D(D+1)/ 2)(∂i∂ jεR (x) −ω ij )



Halo bias in NG models 
•  Matarrese & Verde 2008 have applied this relation to the case of 

local NG of the gravitational potential, obtaining the power-spectrum 
of dark matter halos modeled as high “peaks” (upcrossing regions) 
of height ν=δc/σR of the underlying mass density field (Kaiser’s 
model). Here δc(z) is the critical overdensity for collapse (at redshift 
a) and σR is the rms mass fluctuation on scale R (M ~ R3) 

•  Next, account for motion of peaks (going from Lagrangian to 
Eulerian space), which implies (Catelan et al. 1998)  

                   1+ δh(xEulerian)=(1+δh(xLagrangian))(1+δR(xEulerian)) 

     and (to linear order) b=1+bL (Mo & White 1996) to get the scale-
dependent halo bias in the presence of NG initial conditions. 

•  Similar formulae apply to the correlation of CMB hot & cold spots 
(Heavens, Liguori, Matarrese, Tojeiro & Verde, in prep.) 

•  Alternative approach (based on 1-loop calculations by Taruya et al. 
(2008) 



Halo bias in NG models 
Matarrese & Verde 2008 

form factor: 

factor connecting the smoothed linear overdensity with the primordial potential: 

transfer function: 
window function defining the radius R of a  
proto-halo of mass M(R): 

power-spectrum of a Gaussian 
gravitational potential  



Halo bias in NG models 
•  Extension to general (scale and configuration 

dependent) NG is straightforward 

•  In full generality write the φ bispectrum as Bφ(k1,k2,k3). 
The relative NG correction to the halo bias is  

•  It also applies to non-local (e.g. “equilateral”) NG (DBI, 
ghost inflation, etc.. ) and universal NG term!! 

€ 

×
1

MR (k)



Calibration on simulations 

Local non-Gaussianity  

50 
-50 

Grossi, Verde, Dolag, Branchini, Carbone, Iannuzzi, Matarrese & Moscardini 2009 



Observational prospects 
On these large scales only the “two halo” term counts 

Fisher matrix approach (Carbone, Verde & Matarrese 08): 

From the P(k) shape 

ISW is found to be less powerful. See Afshordi & Tolley 08 for S/N 



Observational status 

Local-type only, 2 σ errors 



Observational prospects 

The bispectrum sees the “shape”, halo bias does not! 



Effect of universal NG  
from PN terms  

Verde, Carbone & Matarrese 
In prep. 

Effect equivalent to fNL ~ few 



Can we detect inflationary NG  
via the 21-cm background? 

Pillepich, Porciani &  
Matarrese, 2006 

see also Cooray 2006; 
Cooray et al. 2008  



Is the expected NG signal detectable 
by future radio experiments? 

Pillepich, Porciani & Matarrese 2006 
Cooray 2006, Cooray et al. 2007 

Hypotheses:  

•  Ideal, full-sky experiment 
•  Measurements limited by cosmic  
       variance only 
•  Perfect subtraction of foregrounds  

                gravitational NG with S/N ~ 100 

                                                                                                          
                primordial NG with S/N ~ 0.1 fNL 

Warning: gravitational lensing  

can be very important!  

Experiments with arcmin-scale  
resolution can measure 



           fNL = 100                                 fNL = 0                                  fNL = - 100 

GAS distribution in a slice of 3 Mpc/h (comoving) at z=3 (the voids have 
less and more matter compared to the standard case) – this in turn can be  
seen in the flux PDF 

Non-Gaussianities in the IGM 
Viel, Dolag, Branchini, Grossi, Matarrese & Moscardini 2008 

Very first NG  
hydro simulations 

NG/G 

NG initial conditions: 



Need to go beyond standard 
perturbation theory 

o  (Linear) perturbation theory proved 
extremely successful in dealing with 
CMB data 

o  The study of the LSS requires better 
schemes, owing to the crucial role 
played by the gravitational instability, 
which makes the underlying dark matter 
density field unavoidably non-linear, 
hence non-Gaussian, on a relevant 
range of scales. 

o  Renormalized Perturbation Theory 
(Crocce & Scoccimarro 2005, 2006) 

o  Renormalization Group (RG) approach 
(Matarrese & Pietroni 2007; Pietroni 
2008) 

Power-spectrum at z=1as given by RG (red  
line), linear theory (blue short-dashed), 1-loop  
PT (green), halo-model (violet) and N-body  
simulations (squares) by Jeong & Komatsu 2006 



Comparison with N-body data 

Carlson, White & Padmanabhan 2009 



RG: short & long-term goals 
  Include neutrino contribution (Lesgourgues, Matarrese, 

Pietroni & Riotto, 2009) 

  Account for (statistical) velocity dispersion, starting from 
the Vlasov equation (D’Amico, Matarrese & Pietroni in 
prep.). Explains damping of small-scale modes     

  Deal with redshift-space distortions and non-linear mass 
 galaxy bias 

  Extend the method to higher-order: non-linear evaluation 
of the bispectrum 



Conclusions 

 Prospects for probing inflation via gravitational-wave detection via CMB 
polarization are in good shape. But primordial gravitational waves appear 
to be detectable only if the inflation energy scale is larger than ~ 1015 GeV.   

 Contrary to earlier naive expectations, some level of non-Gaussianity is 
generically present in all inflation models. The level of non-Gaussianity 
predicted in the simplest (single-field, slow-roll) inflation is slightly below 
the minimum value detectable by Planck and at reach of future galaxy 
surveys.  

 Constraining/detecting non-Gaussianity is a powerful tool to discriminate 
among competing scenarios for perturbation generation (standard slow-roll 
inflation, curvaton, modulated-reheating, DBI, ghost inflation, multi-field, 
etc. …) some of which imply large non-Gaussianity. Non-Gaussianity will 
soon become the smoking-gun for non-standard inflation models 

 The Planck mission (in combination with future galaxy surveys) will open a 
new window to the physics of the early Universe.    


