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1 Motivation and hystorical remarks

1.1 What is supersymmetry

Supersymmetry (SUSY) is a symmetry that maps particles and fields of integer spin (bosons)
into particles and fields of half-integer spin (fermions), and vice-versa. The generator @,

called the supercharge, acts as:
@ |boson) = |fermion) , @ |fermion) = |boson) . (1.1)

Since it changes the spin of a particle, and thus its spacetime properties, supersymmetry is
a spacetime symmetry.

Note that @ is fermionic and will thus satisfy anticommutation relations, as opposed to
the commutation relations satisfied by the usual bosonic symmetry generators. In particular,

the anticommutator of two supercharges generates a spacetime translation,

{Q.Q} ~v"P, . (1.2)

This means that the supersymmetry transformations are not independent of the Poincaré
transformations. In fact, we will see that supersymmetry is a non-trivial (i.e. it is not a
direct product) extension of the Poincaré group.
Each bosonic state has a fermionic superpartner, and vice-versa. Together the superpart-
ners are unified into a supermultiplet. These form the basic representations of supersymmetry.
After having studied the basic properties of the supersymmetry algebra and its represen-

tations, we will discuss how supersymmetry is realized in field theory.

1.2 Why to study supersymmetry

There has been no experimental evidence for supersymmetry so far. Maybe it is realized
in Nature at energy scales higher than those probed in current experiments (as we will see
later, we know that it has to be broken at our energy scales), maybe it is not realized at all.
However, there are many good reasons for studying it. These are in part phenomenological

and in part purely theoretical. Here we summarize the main ones.

e Since it describes bosons and fermions at the same time, supersymmetry is a unifying

framework with the potential of encompassing matter and radiation together.

e [t is the only way to evade the Coleman-Mandula no-go theorem. Under reason-
able assumptions, this theorem states that in relativistic QFT’s there are no non-

trivial extensions of the Poincaré algebra by ordinary Lie algebras [see QFT2 course
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by prof. Lechner|. Supersymmetry evades the Coleman-Mandula theorem because it

based on a superalgebra, which is not an ordinary Lie algebra.

Radiative corrections are suppressed, due to cancellations between fermion loops and
boson loops. In particular, supersymmetry removes the quadratic divergences. This
has important penomenological implications. In the Standard Model, the bare mass
of the Higgs particle is my ~ 100GeV; the measured value is my ~ 125GeV and is
thus very close to the bare mass. However one would a priori expect large quantum
corrections. Indeed the Yukawa coupling —A; H f f induces a one-loop correction to

the Higgs propagator, and thus to the Higgs mass, as
Amy ~ —=A3 A (1.3)

where A is the UV cutoff beyond which the Standard Model breaks down as an effective
theory. For the correction to be not too large, A should be of the order of the TeV
scale. However, there has been no compelling experimental reason so far for fixing
A ~ TeV, and the cutoff may also be much higher. It is therefore hard to explain why
the Higgs mass receives little quantum corrections without invoking a huge fine-tuning.
This is known as the hierarchy problem: the experimental value of the Higgs mass is
unnaturally smaller than its natural theoretical value.

Supersymmetry helps in solving this problem. Consider a complex scalar s being the
supersymmetry partner of the fermion f considered above. In the supersymmetric
extension of the Standard Model this would couple to the Higgs as —\g|H|?|s|?. This

would correct the Higgs propagator at one-loop as
Am3, ~ A\ A? (1.4)

Since one has Ay = Afc, there is an exact cancellation between bosons and fermions
running in the loops. This is a consequence of supersymmetry and does not require
invoking any fine tuning. It follows that the Higgs mass is stabilized at its tree level
value! This is the basic reason why supersymmetry helps in solving the hierarchy

problem.

This nice behavior is encoded in what is called “non-renormalization theorems”. These
state that certain quantities computed at tree or one-loop level are protected against ra-

diative corrections, so that the result is actually valid at all orders in perturbation theory.

In the Standard Model, the three gauge couplings of the SU(3) x SU(2) x U(1) evolve

with the energy scale and approzimately meet at the scale of 105 GeV. In the minimal
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supersymmetric extension of the Standard Model these coupling constants unify pre-
cisely at the scale of ~ 10'% GeV (see Figure, where ay, ag, a3 are the U(1), SU(2), SU(3)
coupling constants, respectively). This means that at such energy scale there could
be just one type of gauge interaction with a larger gauge group, containing SU(3) x
SU(2) x U(1). This is very appealing from the theoretical point of view and supports
the idea of a Great Unified Theory (GUT) at such energy scale.

e Susy provides natural dark matter candidates. Dark matter is believed to make up ~
25% of the energy density of the universe. Among the additional particles predicted by
supersymmetry, the lightest supersymmetric particle is fully stable and thus a possible

dark matter candidate.

e [t is a building block of string theory, which overcomes the difficulties with quantum
gravity by replacing point particles with extended objects such as open and closed

strings.

e Susy is a theoretical laboratory for strongly coupled gauge dynamics. Strongly coupled
non-Abelian gauge theories exhibit interesting but poorly understood phenomena at
low energies, such as confinement and the generation of a mass gap. The additional
constraints imposed by supersymmetry allow to say much more about the emergent
degrees of freedom and the structure of the effective theory at low energies. Sometimes
even exact results can be obtained. The hope is to use supersymmetry to learn quali-
tative features that also apply to more realistic models. For instance supersymmetric
versions of QCD have given insight on the strong coupling dynamics that is responsible

for quark confinement.

e Often supersymmetry uncovers beautiful mathematical structures.



1.3

Some history

Supersymmetry was born in the early seventies and has constantly been an active field of

research since then. Here are some milestones:
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1967 Coleman—Mandula no-go theorem.
1971 Gol'fand-Likhtman: susy algebra as a possible extension of the Poincaré group.
1971 Ramond, Neveu-Schwarz: susy in the two-dimensional worldsheet of string theory.

1973 Volkov—Akulov: first four-dimensional supersymmetric field theory, although su-
persymmetry was spontaneously broken and thus non-linearly realized (they were try-
ing to explain the apparent vanishing mass of neutrinos by interpreting them as Gold-

stone particles).

1974 Wess—Zumino: first linear realization of supersymmetry in a four-dimensional
field theory

1976 Ferrara-Freedman-Van Nieuwenhuizen: first theory where supersymmetry is lo-
cally realized. This automatically incorporates a graviton and was thus called super-
gravity. Supergravity may be seen as another motivation for supersymmetry, in the
sense that a QFT with local supersymmetry automatically contains general relativity
and is thus a step towards the unification of QFT with general relativity. However we
know that supergravity theories are non-renormalizable. For this reason, they should
be seen as a low-energy effective theory of a more complete theory. This more complete
theory is string theory, which solves the problems of quantum gravity in a completely

new framework, were particles are replaced by strings...but this would be another story.

...many developments...
1994 Seiberg—Witten theory

...many developments...

Preliminaries

We work in Minkowskiy. The metric is 7, = diag(1, —1, —1, —1), so we use a mostly minus

signature convention.

Greek letters p,v = 0,1,2,3 denote spacetime indices, while Latin letters ¢,7 = 1,2,3

indicate space indices.



2.1 Lorentz and Poincaré groups

The Lorentz group is SO(1,3). The generators of the algebra are the three rotations J; and

the three boosts K;. These satisfy the commutation relations:
[Ji, J]] = iﬁijkjk y [KZ, KJ] = —1 Giijk s [Jl, KJ] == ieiijk . (21)
The J; are hermitian while the K are anti-hermitian. The combinations

JE=1(J £iK)) (2.2)

)

are hermitian and satisfy
[ T = ey [J;5Jf1=0, (2.3)

thus they generate two commuting SU(2) algebras. In fact, one has the algebra isomorphism
SO(1,3) ~ SU(2) x SU(2)*.

The Lorentz group SO(1,3) is also related by a homomorphism to SL(2,C), the group
of 2 x 2 complex matrices with unit determinant. In order to see this, we introduce the
matrices

o, = (1, 0;) , (2.4)

where o0; are the usual Pauli matrices, satisfying o,0; = d0;; + i€;;,0% (note that these have
a lower index). The o, form a basis for the 2 x 2 complex matrices. Given a four-vector
vector x#, we can construct the 2 x 2 matrix 2#0,. This is an hermitian matrix and has
determinant x,x", which is a Lorentz invariant. Consider a Lorentz transformation acting
on the four-vector as z# — A*,x¥. We want to determine how it acts on the 2 x 2 matrix
ato,. It must preserve the hermiticity (because it sends spacetime vectors into spacetime
vectors) and the determinant (because it preserves the Lorentz norm z,z#). It follows that
the action via a 2 x 2 matrix A

a'o, — Arto, AT, (2.5)

with det A = 1 (up to a phase) corresponds to a Lorentz transformation. We have thus
realized the Lorentz transformations as complex 2 x 2 matrices of unit determinant, that is
as elements of SL(2,C).!

The Poincaré group is the semi-direct product of the Lorentz group and the group of

translations in spacetime. Denoting by P, the generators of translations, we have the addi-

ISee Bertolini’s lectures, section 2.1, for a more detailed explanation and in particular for the precise
relation between A and A. The precise relation between SO(1,3) and SL(2,C) is SO(1,3) ~ SL(2,C)/Z,.



tional commutation relations:

[P, P]=0, [Ji, Pj| = 1€, [Ji, Po] =0,
(K, Pl =—i Py, (K, Py) = —i P . (2.6)
The generators of the Lorentz group can be repackaged into generators M,, = —M,, as:
My, = K; Mz’j = Eijkjk ) (2'7)
so that the Poincaré algebra reads:
[P P =0,
(M, Mpo| = =inu,Mye + inueMyp +i0up My — i e My,
(M, P,)| = —inyu P, +in P, . (2.8)

This clearly shows the semi-direct product structure.

2.2 Spinors

Supersymmetry involves a lot of spinor algebra. In four dimensions, this is conveniently
dealt with using a two-component spinor notation. After the training necessary to get used
to it, this notation makes the computations involving spinors faster.

The two-component notation uses the basic representations of SL(2,C). A spinor is a

1
P2

variables. It transforms under an element M € SL(2,C) as

defined as a two-component object ) = ( ), where 11,15 are anti-commuting Grassmann

¢a — ¢; = Maﬁwﬁ ) «, /B = 17 2. (29)

Since for SL(2, C) the representations associated with M and M* are not equivalent (there
is no matrix C' so that M = CM*C™!), we can also introduce a different type of spinor,
which transforms as

Us = Uy = M0, (2.10)
This is called a dotted spinor, while 1, is called undotted spinor.

Note that for a generic M we can write
M = eBitiws)a; ’
M* = elBimiwiaj (2.11)

where again o; are the Pauli matrices. This shows how the SL(2, C) matrices are expressed

in terms of the generators of the spin-1 representation of the SU(2) x SU(2)* algebra that
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we have encountered before. M is constructed exponentiating the J* generators while M*
is constructed exponentiating the J~ generators. Therefore undotted spinors are a (%,0)
representation of SU(2) x SU(2)* while dotted spinors form a (0, ) representation.

In order to raise and lower the spinor indices, we introduce the antisymmetric matrices:

s (01 0 -1
eﬁzeﬁz(_l(]), 6a526d62<1 O)I (2.12)

These satisfy 605657 = 0], etc. They are Lorentz invariant since €,3 = ./\/lcﬂ/\/lg(sem;, etc. On

the spinors they act as:
V=P, da=eapt’, =, da =00 (2.13)

The convention here is that indices are always contracted putting the epsilon tensor on the

left.

We will use the convention that v, is a column-array, 1)* is a row-array, ¥* is a column-
array and 1, is a row-array. More generally, lower undotted indices label column-arrays,
while upper undotted indices label row-arrays. The opposite convention applies to dotted
indices.

By comparing how they transform under SL(2, C), we can identify (14)* = ¢* (both are
column-arrays) and ¥s = ()" (both are row-arrays), (¥%)! = ¥ etc. Also, (My?)* =
(MHT)d, = 6d7(M*),'y5655. The last expression implies that the dotted spinor 1) trans-
forms in a representation of SL(2,C) equivalent to the one of 1, the equivalence matrix

being €,5. Explicitly, ¢* transforms as:
ZEd - ,‘Eld — (M*_lT)dBTEﬁ ] (214)

Note from (2.11) that
M = Bt (2.15)

So the spinors ¥, and ¥® transform in the same way under rotation but with an opposite

sign in the boost parameter [cf. notes on two-component spinors by B. Bellazzini.

The convention for contracting the spinor indices is:
XU =X, XU =Xa¥" (2.16)

Namely, undotted indices are contracted with the “NorthWest to SouthEast” convention,
while dotted indices are contracted with the “SouthWest to NorthEast” convention (let us

repeat that this rule does not apply when raising or lowering indices with the epsilon tensor).
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It is not hard to check that expressions where all the indices are contracted following these

rules are indeed Lorentz invariant.

We also introduce the 2 x 2 counterpart of the gamma matrices. These are the following
sigma matrices:
o,= (1, 0:) , o, =1, —0;) , (2.17)

2

where the 0, are those already seen before.” The index structure of the sigma’s is (0*),4

and ()%, We can now construct Lorentz four-vectors such as o*y and a*y.

¢ Exercise. Check that:

1) 9® transforms as "> = ¢ (M~1)5%;

2) x % is a Lorentz invariant;

3) x ¥ =1 x (recall that the spinor components are anti-commuting);
4) the following useful identities involving the sigma matrices:

ot 50 = 26857 .

ad 1

0,0, + 0,0, =20, ,
(@L)da = Eaﬁedﬁ(gu)ﬁﬁ' 3 (Ou)aa = eaﬁfaﬁ'(&u)ﬁﬁ ; (2.18)

5) xo*1) is a Lorentz four-vector;
6) xo' = = oty
) (xo*y)T = gorx. ¢

Relation with four-component spinors

Let us make the connection with the four-component notation you may be more familiar

with. Dirac spinors transform in the reducible (1,0) @ (0, ) representation of the Lorentz

algebra and are given by U = (gfj) The gamma matrices in the Weyl basis are:

0 o , 1 0
W=<WO>, %Zﬂ%%ff=<o_ﬁ- (2.19)

We see that a spinor ¥ = (%‘)‘) satisfies 75 Wy, = U and is thus left-handed, while a spinor

Up = (Xod) satisfies 75 W p = —Wp and is thus right-handed. The action of the gamma-matrices
on spinors is:
0 (Uu)ad ¢a (U“)aaXd
Y = . | = . (2.20)
@y o )\ e

2The matrices with the spacetime index up are: o# = (]l, ai) = (1, —0y), o = (]1, —O'i) = (1, oy).
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so we recover the action of the sigma’s given above.

The Dirac conjugation gives ¥ = Wiy, = (Xa, @Z_)a)

A Majorana spinor is a Dirac spinor with x, = t,, namely it is of the form (g‘;)
Indeed, the Majorana condition is W¢ = W, where the charge conjugation is defined as
Ue = CET, where the charge conjugation matrix satisfies C~'v,C = —fyg and can be taken
to be C' = ivy?40.

A Majorana mass term in the Lagrangian is a mass term built using a single Majorana

spinor W = (:2—";) and in two components notation reads
W =) +11h =) + h.c. (2.21)
On the other hand, a Dirac mass term uses ¥ = (gg) and in two components notation reads
WU =y +1py =1y + h.c (2.22)

Finally, the Lorentz generators are

i o0
Y = —[yF Y] = , 2.23
2 ] ( 0 W,,) (2.23)
where 1 1
ot = Z(a“(f” —a’ah) ot = Z((T“UV —a’o) . (2.24)

Therefore the Lorentz algebra acts via i(0"*),” on left-handed spinors ¢3 and via i(a")%

on right-handed spinors )ZB. We can write:
M — eocuuo"“’ 7 M*—IT — eauua'”l’ 7 (225)

where the parameters «, are real.
¢ Exercise. Check that the o, are related to the rotation and boost parameters w;, 3;

in (2.11), (2.15) as: f; = qoi, wi = —3€jK%-

3 Supersymmetry algebra and its representations

3.1 Coleman-Mandula theorem

Under reasonable assumptions, the Coleman-Mandula theorem shows that in a relativistic
QFT the only possible Lie algebra of symmetry generators consists of the generators P, and

M, of the Poincaré group, plus ordinary internal symmetry generators that commute with
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P, and M, and whose eigenvalues are independent of both momentum and spin.? In other
words, the spacetime and internal symmetries can only be combined in a trivial way.

No-go theorems are always based on some assumptions, and sometimes they can be
evaded by carefully revisiting and possibly relaxing part of such assumptions. Rather than
being the last word on a subject, they have often been the starting point for new discoveries.

The Coleman-Mandula theorem forbids non-trivial extensions of the Poincaré group by
ordinary Lie algebras. Lie algebras are generated by operators that satisfy commutation
relations and take bosons into bosons and fermions into fermions. The theorem does not
hold for more general algebras where some of the generators are fermionic: these satisfy
anticommutation relations rather than commutation relations, and thus take bosons into
fermions, and vice-versa. Haag, Lopuszanski and Sohnius showed that the algebra associated
with supersymmetry, called the superalgebra, is the only consistent realization of this more

general algebra involving both commutators and anticommutators.

Note. One of the assumptions of the Coleman-Mandula theorem is that for any m there
is only a finite number of particles with mass less than m. In fact another exception to the
theorem is provided by theories with only massless particles, such as conformal field theories.
Conformal field theories are governed by the conformal symmetry algebra, which non-trivially
extends the Poincaré group by the dilatation operator D and the special conformal generators
K

e

3.2 Superalgebra

Supersymmetry extends the Poincaré algebra by introducing fermionic generators Q!, Q,
I=1,...,N. If N =1, that is we have just one fermionic generator, we talk about minimal,
or unextended supersymmetry. If N > 1, we talk about eztended supersymmetry.

The commutation relations of the Poincaré generators M,,,, P, with the fermionic gen-

erators are taken to be:

P QL =0,
Qs =0,
(M, QL] = i (ow)a” Qf
(M, Q'] = i (60)%; Q" . (3.1)

The first two tell us that the supersymmetry generators commute with the translations.

The other two are just telling that the Lorentz algebra acts on Q% (or @M) as on any other

3See Weinberg III, Chapter 24 for a more precise statement of the theorem and its proof.
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undotted (or dotted) spinor. Moreover, the fermionic generators satisfy the anticommutation

relations:

{QL.Q3} = 20", Pud"

{Qa-Q5} = cas 2",

{Qa @3} = eas (27" (3.2)
where Z!/ = —Z7! commute with all generators of the supersymmetry algebra and are called

central charges. Note that they can only exist in the case of extended N > 1 supersymmetry,
that is the NV = 1 supersymmetry algebra has no central charges.

Note that the first expression in (3.2) is consistent with the fact that the anticommutator
of Q! and @g must transform in the (%, %) representation of the Lorentz group, that is as a
four-vector (this is because Q. transforms in the (3,
in the (0, 3)).

We also observe that since My = J3 and 015 = G123 = —%Ug7 from the third and fourth

0) representation while @g transforms

expressions in (3.1) we have that
1 1 —T 11 A R

It follows that Q and @; raise the z-component of the spin by half a unit, while Q% and @i
lower it by half a unit.

3.3 Representations of the superalgebra

For this lecture see Bertolini’s notes, Sections 3.1 and 3.2.
Irreducible representations of supersymmetry are called supermultiplets. The main topics

of the lecture are:

e review of the representations of the Poincaré group;
e three general properties of susy representations:

1. all states in a supermultiplet have the same mass,
2. in a supersymmetric theory the energy P, of any state is non-negative,

3. asupermultiplet always contains an equal number of bosonic and fermionic states;
e construction of massless supermultiplets (for N =1, N =2 and N = 4 susy);

e construction of massive supermultiplets (N = 1 and N = 2) and shortening conditions

in the case of extended supersymmetry (N = 2).
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4 The simplest supersymmetric field theory

As a first example of an N = 1 supersymmetric field theory we discuss the original (free)
Wess-Zumino model.

This is made by a complex scalar ¢, a Majorana fermion 1, ¥* and a complex auxiliary
field F'. The Lagrangian is

L=0,00"6+ i (00" —a"d) + FF . (4.1)

We immediately note that F'is an auxiliary field that could be eliminated (“integrated out”)
using its algebraic equation of motion, that in this case reads F' = 0. Nevertheless, it is
convenient to keep it in order to show off-shell closure of the supersymmetry algebra, as we
are going to see.

The supersymmetry transformations are:

06 =V2ep
0o = \/57/ (ng)a a,u¢ - \/§€aF )
OF = 2i9,1p 0" (4.2)

where the spinors ¢, and €* are the supersymmetry parameters (one being the complex
conjugate of the other). Their components are Grassmann variables, meaning that they

anticommute.

¢ Exercise.
1. Obtain the supersymmetry variation of the complex conjugate fields ¢, ¥*, F.

2. Show that the Lagrangian is invariant up to total derivative terms (hint: use integra-

tions by parts).

3. Consider the following additional term in the Lagrangian:
L, = —moF — mi) + h.c. (4.3)

and show that after F' is integrated out, this reduces to standard mass terms for the

complex scalar and the Majorana spinor:
L, =-m’¢p — 2 m — L mpy . (4.4)

Notice that the scalar and spinor masses are the same, as prescribed by supersymmetry.

14



4. Verify that L, is susy-invariant. 4

We want to check that the supersymmetry variations given above indeed realize the
superalgebra on the fields ¢, ¢, F.

The variation 9§ is related to the N = 1 supercharges as:
§ = ieQ + ieQ (4.5)
and we use the convention that as an abstract operator it acts on any field f as:
of = [f,ieQ + ieqQ)] . (4.6)

Note that since both the supersymmetry parameter € and the supercharge () are anticom-
muting objects, the variation ¢ should be regarded as a commuting object (that is, it “passes
through” anticommuting variables without acquiring a minus sign). Here we are following
the conventions of Bertolini’s lectures (Section 4.2).*

The commutator of two supersymmetry variations d;, do acting on any field f gives:
[01,00)f = [[f,iQ +ie2Q),ie1Q +ie1Q] — 1 > 2 = [f, [1Q + 61Q, 2Q + Q)] . (4.7)
We compute:
@Q +60Q.Q + &Q) =~ {Qu Qs — A6 {Qu @5} + (16 — 58 {Qu, Q)
= 2(e10"& — e20"€) P, . (4.8)
where in the second line we used the superalgebra (3.2) with NV = 1. It follows that
[61,82)f = 2(e10"E; — e20"&) [f, Py] - (4.9)

Since the translation operator acts as [f, P,] = —id, f, we conclude that the commutator of

two susy variations has to be
[(51, (52]f = - (610"u€2 - 620’”51)8%]0 y (410)

namely it is the spacetime derivative along the real vector —21 (610“62 — 620“61). Note that
this is a linear action.
Let us then verify that the supersymmetry variations (4.2) indeed satisfy (4.10). We

start from the complex scalar ¢. We have:

0102 = V2 € 610
= 620"“61 ('L(b - 2€2€1F . (411)

4Note the extra i factor in eq. (4.5) compared to what we had done in class.
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It follows that

[(51, (52]¢ = 51(52 ¢ — (1 — 2)
= -2 (610“52 - EQU'uEl) 8,@ - 2(6261 - 6162)F . (412)

Since €267 = €€, the term proportional to F' vanishes. We have thus verified (4.10).
Next we consider the spinor field 1. We have:

0102 Yo = V2i (0"€3)0 0,(6100) — V2e30 0 F
=0 (U'ugg)a (elﬁﬂw) — 2i€2a (@ﬂb ngl) y (413)

where we have emphasized in blue color the term coming from the variation of F.
Therefore we can write

[51, 52] 'lb =0 (O"u€2>a (618;/[#) + 21€14 (aul/J O"ugg) — (1 < 2) . (414)
Now we apply the general identity®

faXﬁ - gﬁXa + €ap §’YXW (415)

to the first term (this identity is easily checked by assigning 1,2 values to «, 3). We obtain:

2i (0"€2)q (€10,0) = —2i e’f(a“@)a Oubp = —2i 6?(0““52)5 0yt — 2i€14(0"€2)70,1,
= - (610'“62) @ﬂ/)a — 2i61a(8#1p0”62) y (416)

where in the second line we have just rearranged the spinors in the last term. Hence (4.14)

becomes:
[51, 52] ¢ = -2 (610"“62) auwa — 22.61&((9“1/J0'u€2) + 2i€1a (Qﬂb O'ugg) — (1 < 2) , (417)

and we see that the second and third terms precisely cancel out. The surviving term realizes
the algebra (4.10). This clearly shows the importance of the blue term, coming from the
variation of F', to realize the supersymmetry algebra. Had we set F' = 0 from scratch
using its equation of motion, the blue term would have not been there. In this case we
could still have achieved closure of the superalgebra, at the expense of using the equation
of motion 0,1 0* = 0 of the spinor field. This is a general fact: without the auxiliary fields
the supersymmetry algebra only closes on-shell, that is using the (fermion field) equations of

motion. In general it is preferable to work with an off-shell realization of supersymmetry if it

®This comes from antisymmetrizing the Fierz identity {4 xp = %Gag(fx) + %(gcrm,x)o“”(ﬂe,yg.
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exists. A main reason is that off-shell closure of the algebra is independent of the Lagrangian
(and thus of the interactions between the fields) while on-shell closure requires the equations
of motion and thus depends on the specific Lagrangian under consideration. Notice that the
four off-shell degrees of freedom of the bosonic fields ¢, F' do match the four off-shell degrees
of freedom of the fermionic field . When we go on-shell, the auxiliary field F' carries no
degrees of freedom while ¢ carries two degrees of freedom, which again matches the two
on-shell degrees of freedom of .

We still have to check the algebra on F'. This is easily done:

51(52F = \/52 3M(51w0‘)(0“€2)a
= —2(0”@1)(1(0“@2)0[ @ﬁl,qb — 0 (610“62)8MF (418)

and therefore:
[51, (52] F=-% (610’“?2 — 620“61)8MF . (419)

where the term containing 0,,0,¢ does not contribute to the commutator as it is symmetric
under 1 <> 2. This concludes our proof that the supersymmetry variations (4.2) satisfy the

superalgebra (4.10).

5 Superspace and Superfields. Supersymmetric ac-

tions

Here we present just the essential formulae. For more details see Sections 4.2, 4.3, 4.4, 4.5

of Bertolini’s lectures.

5.1 Superspace

We want to construct supersymmetric quantum field theories. In order to do this we need
to work with representations of the supersymmetry algebra on fields. A convenient and
systematic way to do this uses superspace and superfields, that is fields defined in superspace.

We will restrict for now to N = 1 supersymmetry, and thus present what is known as N =
1 superspace. The notion of superspace for extended supersymmetry is more complicated
and one often still uses NV = 1 superspace to describe N > 1 supersymmetric quantum field
theories.

The definition of superspace starts from the idea that in the same way as P, generates

the space-time translations along the ordinary coordinates x#, the N = 1 supersymmetry
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generators (), and Q. generate translations along some new, anticommuting Grasmannian
coordinates @ and 6. Superspace is thus an extension of the ordinary spacetime by these
Grassmannian directions, and has coordinates (z#,0,,04). Superfields are simply fields in
superspace.
Before going on, we list here some properties of the Grassmannian coordinates 6,, g
that are not hard to prove:
9a6’,3 = —959(1 — 0a05«97 =0,
0°0" = —Le*P00 . 499" = 107
0016006 = 106066 1 .
0 Oy = —%99 X - (5.1)
From these properties, it follows that the most general N = 1 superfield is Taylor-expanded
in the Grassmannian coordinates as:
Y (2,0,0) = f(x) + 0¢(z) + Ox(x) + 00m(z) + 00n(x)
+ 0c"0v,(z) + 000X(z) + 000p(x) + 0000d(x) . (5.2)
Each term in this expansion is an ordinary field, hence a superfield is a finite collection of

ordinary fields. We will see that this construction allows to realize different representations

of the supersymmetry algebra on fields.

We will also need derivative and integration in the 6 variables. The derivative 0, = ao%’

Oy = aa% is defined as
0,0° =38, 0:0° =067,  9.0°=08.6°=0. (5.3)
For a single Grassmann variable § the integration is defined as:
/de(a Loy =b — /de — . (5.4)
In N =1 superspace, we take:
2 Sy o _ L a5 4
d=0 = §d6 do“ | d“0 = §d9 do (5.5)
so that

/d2069_/d2§§§_1, /d2ed2éeeéé_1. (5.6)
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Using the relations above one can see that the derivative with respect to the Grassmann

o\ B
<%) —+%. (57)

We would like to realize the action of supersymmetry generators on fields via differential

coordinates satisfies

operators, pretty much as P, = —i0,. Let us just state the result (the proof can be found

e.g. in Bertolini’s lectures):

Qo = — 10, — (00)4 0y,
Qa = +104 + (00")4 Oy - (5.8)

It is easy to check that these realize the supersymmetry algebra (3.1), (3.2), in particular
{Q., Qﬂ} = QUZBP“' The action on a superfield is:

(ieQ + i€Q)Y (2,0,0) = 6. Y (2,0,0) = Y (x + 02,0 + 00,0 + 60) — Y(2,0,0) ,  (5.9)

with
dat = ifote — ieatl | 00" = €* | 50% =& . (5.10)

Namely, a supersymmetry transformation is a particular translation in superspace.

The general superfield (5.2) contains too many field components to provide an irreducible
representation of the superalgebra. In order to obtain irreducible representations, we need
to reduce the number of components by imposing some constraints. If the constraint is
susy-preserving, the constrained object will still be a superfield and thus will provide a
susy-invariant action by the construction above. At this scope, we introduce the covariant

derivatives

8)a 0, ,

D, ot
60")s Oy (5.11)

I
>

i(
i(

where it should be noticed that Dg = (Dg)", which follows recalling that (8,)" = 9, and
(au)T = —3,, -
These have the property of anti-commuting with @, Qs (check them!):

+
Dy = 0q +

{Da, Dy} = 22'0:30” = _QUZBP“ :
{Da, D} = {Da,Qp} = {Da,Qz} = 0 and similarly for D, . (5.12)

This implies that
dee (DoY) = Do (0cY) (5.13)
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so if Y is a superfield, D,Y is also a superfield. In other words, D,, D, can be used to
impose a susy-invariant constraint on the general superfield.
In the next two subsections we will introduce two important examples of superfields with

less components than the general superfield: the chiral superfields and the real superfield.

5.2 Chiral superfields

A chiral superfield ® is a superfield satisfying the condition

Ds®=0. (5.14)
Similarly, and anti-chiral superfield U satisfies

D,V =0. (5.15)

Notice that if ® is chiral, then ® is anti-chiral.
Let us express the chiral superfield in terms of its ordinary field components. At this

scope, it is useful to perform the change of superspace coordinates:
y' = 2" +i0oh g = " —ifot . (5.16)

In these variables the covariant derivatives read

o 9 _ o
Dy = — + 2i(0"0)— , Dy = — , 5.17
gge T 2100z 2 6% (5:17)
which implies
Dubs = Day* =0, Doy = Doy =0 . (5.18)

Therefore the condition Ds® = 0 means that the chiral multiplet explicitly depends only on
(y",0,) and not on @4, that is the dependence on f is completely reabsorbed into y*. The

components can be written as:

D(y,0) = d(y) + V20u(y) — 09 F(y) . (5.19)

Taylor-expanding y* around z* we get the expression of the chiral superfields in terms of

the original superspace coordinates:

®(x,6,0) = ¢(x) + V200(x) + i00"00,0(x) — 00 F(x) — <5 00 9,¢(w)o"6 — 1060606 (x) ,
(5.20)
which is also the same as ®(z, 0, 0) = ¢ (z, 0).
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The independent components are ¢, v, F', which corresponds precisely to the off-shell
degrees of freedom of the chiral multiplet. Indeed the chiral superfield is the superfield
realizing the chiral supermultiplet.

Of course, a similar story holds for the anti-chiral multiplet. This is seen by just taking

the hermitian conjugate in the formulae above.

¢ Exercise.

1. Show that in the (y, 6, 6) coordinates, the supersymmetry generators read

o . o A a
Qa == —Z@a y Qd = Z@d + 2((90’)@ W . (521)
2. Check that given the chiral superfield ® = (¢, %, F'), its susy variation
0ee® = (i€Q + ieQ) @ (5.22)

yields precisely the transformation of the components given in (4.2). In order to see

this, it is convenient to work in the (y, #, ) coordinates and use (5.21).

3. Derive the corresponding transformation for an anti-chiral superfield. In this case it is

convenient to write the generators Qq, Q4 in terms of (g*,0,,0s). ¢

5.3 Vector superfields

The chiral superfield does not contain a vector field v, (as its vector component is ~ 0,¢),
hence it cannot be used to define gauge interactions. On the other hand, the general super-
field Y does contain a vector v,, but this is generally complex; moreover we have already
noticed that the general superfield contains too many components to provide an irreducible
representation of supersymmetry. We thus define a vector (or real) superfield V by imposing
the reality condition

V=V. (5.23)

Recalling the expansion (5.2) of a general superfield, this condition gives the expansion:
V(z,0,0) = C(z) + i0x(z) — ifx(z) + 05"0v,(x) + L6060 (M(z)+iN(z))

06 (M (z) —iN(z)) + 1000 (A(z) + % 0”9, x(x))

— 006 (\M(z) + Lo"9,x(z)) + 2660060 (D(z)—10°C(z)) , (5.24)

where the real fields (C, M, N,v,, D) define 8 bosonic degrees of freedom while (x, \) give

8 fermionic degrees of freedom. These are still too many to describe an N = 1 gauge

21



vector supermultiplet. The redundant components can be eliminated by introducing a su-
persymmetric version of the gauge transformations and of the gauge-fixing condition. The

transformation
V 5 V+o+0, (5.25)

where ® is a chiral superfield, implies in particular v, — v, — 0,(2Im¢), hence it can be
seen as a supersymmetric generalization of the gauge transformation.

By a suitable choice of the components of ®, we can transform away the components
X, C, M, N of the vector superfield (in addition to imposing an ordinary gauge-fixing condi-
tion on v,). This choice is called Wess-Zumino gauge, and it reduces the vector superfield
to

Vivz = 00"0v,(z) +i00 OX(x) — i00 OX(z) + £ 6660 D(x) . (5.26)

Dealing with a vector superfield becomes particularly simple in WZ gauge. In particular, it
is not hard to check that

(Vivz)® = 50000 v,0" . (Vwz)" =0, n>3 (5.27)

(do it as an exercise, you just need to use the third line of (5.1). This property will be very
useful when we will construct gauge actions.

Note that Viyz contains 4p + 4 degrees of freedom (after the ordinary gauge fixing).
These are the off-shell degrees of freedom of a vector supermultiplet. We will see that the
real scalar field D is auxiliary, hence on-shell (that is after imposing the equations of motion
of all fields) we have 25 + 2 degrees of freedom, which match those of the massless vector

multiplet.

5.4 Susy invariant actions

For an action to be susy-invariant, the Lagrangian must be a Poincaré scalar density of mass
dimension 4, transforming as a total spacetime derivative under supersymmetry transforma-
tion.

It is very easy to construct susy-invariant actions in superspace. For any superfield

Y (x,0,0), the superspace integral
/d% d?0d%0 Y (x,0,0) (5.28)

is in fact a susy-invariant action. This is easily proven as follows. The integration measure

is invariant under translations in superspace:
/dw:/d(9+£)(9+g):1. (5.29)
2
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This implies that
5€7€/d4x d?0d*0 Y (z,0,0) = /d% d?0 d*0 6..Y (z,0,0) . (5.30)
Using (5.8), (5.9), we get
beY = €0,Y + €0%Y + 0, [—i (e0" — O07€) Y] . (5.31)

Integration in d26d?d kills the first two terms and leaves just the last term, which is a total
derivative and thus vanishes upon integrating in d*x. We have thus proven susy-invariance

of our superspace integral,
56,€/d4x d?0d*0 Y (x,0,0) =0 . (5.32)

This gives a very powerful way to construct supersymmetric invariant actions. Since the
product of two (or more) superfields is still a superfield, the superfield that appears in the
action formula may also be a rather complicated polynomial in other superfields.

In addition, we want the spacetime Lagrangian density that is obtained upon integration
in d?0d?0 is a real scalar density, and this poses some constraints on the superfield to be
integrated.

Finally, we also need the Lagrangian to have mass dimension [M]*. Now, 6,,0s have
dimension [M]~'/? (this can be deduced e.g. by comparing the dimensions of ¢ and 6 in
a chiral superfield). This means that if a superfield has dimension [Y] (this is defined as
the dimension of its bottom component), then the top component proportional to §26? has
dimension [Y] 4+ 2. Therefore to make a dimension 4 Lagrangian we need [Y] = 2. This
can also be seen from (5.28): [df and [ df have dimension [M]*/? since integration in the
Grassmann coordinates is equivalent to a derivative. Therefore [ d?0d?f has dimension [M]?

and to obtain a dimension 4 Lagrangian we need [Y] = 2.

5.5 Lagrangian for a chiral superfield

We now construct a supersymmetric Lagrangian for the chiral multiplet ®. First note that
®® is real superfield and a space-time scalar. Then assume that the bottom component of
®, that is ¢, has mass dimension 1, so that the bottom component of ®®, that is ¢¢, has

mass dimension 2. It follows that

L= /d20 d’0 o (5.33)
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is a good susy-invariant Lagrangian. Expanding in components, we find
L=0,00"p+ % (Qﬂb ot — U“@M@Z) + FF + total derivative. (5.34)

This is exactly the Lagrangian (4.1) of the Wess-Zumino model. We have thus obtained an

alternative (and much faster!) proof that the Lagrangian (4.1) is susy-invariant.

¢ Exercise. Show that (5.33) indeed yields (5.34) (this may also be done by first working

in the (y*,9",0,0) coordinates and then Taylor-expanding y* and g* around z*).

The kinetic Lagrangian £ seen above can be generalized in two different ways, by still
using a single chiral superfield ®. The first yields more general kinetic terms for ®, while

the second provides mass and interaction terms. Let us see them in turn.

Take -
K(®®)= Y na®"®",  with ey =}, - (5.35)
n,m=1
We also assume that the dimension of the coefficients is [cp] = [M]*~™+™). Then K is a

real, scalar superfield with [K] = 2. This is called the Kdhler potential. Therefore
/ d?0d%0 K(®, @) (5.36)

is a more general kinetic term Lagrangian than the one seen before. Note that this still defines
a two-derivative Lagrangian. The fact that for m,n > 1 the coefficients ¢,,, have negative
mass dimension means that they can appear in a supersymmetric but non-renormalizable
theory. This should be thought as a low-energy effective theory valid up to some cutoff scale
A. Then we will have ¢,,, ~ A2~ that is the additional terms with respect to the
canonical ®® will be suppressed by inverse powers of the cutoff. If we want a renormalizable
kinetic term, then we need to restrict to m = n = 1, that is K = ®®.

Notice that in (5.35) the sum starts from m = n = 1, meaning that we did not include a
possible ® + ® term. This is because its #?% component turns out to be a total spacetime
derivative and thus does not contribute to the action. In fact, this implies that the Kahler
potential K’ defined as

K'(®,®) = K(®,®) + A(®) + A(D) , (5.37)

where A is a chiral superfield, gives the same action and is thus physically equivalent to K.
This property indicates that the Kahler potential is not really a function of ®, ®, but rather

a “gauge” connection in a suitably defined bundle.

24



Let us now discuss the second option, introducing mass and non-derivative interaction
terms in a supersymmetric way. When dealing with chiral superfields, there exists a different
way to define a supersymmetric action. Consider a chiral superfield W (®) obtained by taking
products of ®. While its integral in the full superspace vanishes, the following integral in

half superspace is real and non-vanishing:
sz/&@W@yﬁ/ﬁﬁWQ (5.38)

Since the supersymmetry variation of the F-term in a chiral multiplet is a spacetime deriva-
tive, this action is guaranteed to be susy invariant. The function W (®) is called the super-
potential. Notice that in order to give a physical action it must be [W] = 3. In addition,
in order to be a chiral superfield, W must be a holomorphic function of ® (just evaluate
DWW (®, ®) to see that it cannot depend on ®). As we will see, this simple property has far
reaching consequences.

The superpotential is also constrained by R-symmetry. Take a chiral superfield of R-
charge r; in order to indicate this we use the notation R[®] = r. By definition, this means
that its bottom component has R-charge r: R[¢|] = r. Since the supercharges have R-
charge R[Q,] = —1, R[Qs] = 1 and the corresponding parameters have R-charge R[e,] = 1,
R[és) = —1, from the variations (4.2) it follows that the remaining components ¢, F' of ®
have R[] = r — 1 and R[F| = r — 2. From the structure of the chiral superfield we deduce

that the Grassmannian coordinates have R-charge:

RO]=1, R[f=-1, R =-1, Rdi=1. (5.39)

It follows that if the the R-symmetry is a symmetry of the Lagrangian (this may be or may

be not true) then the superpotential must have R-charge 2:
RW]=2. (5.40)

(On the other hand, for such theories the Kéahler potential must have R-charge 0).

The expression of (5.38) in terms of the chiral superfield components is (check this!):

d¢ 9p0¢

where the derivatives of the superpotential are evaluated at ® = ¢. Therefore,

2
W(®) = W(e) + ﬁ%—j 0 — 00 (8—WF v oW ww) , (5.41)

1 2
8WF o°wW

Lo =951~ 59400

b + hec. (5.42)
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where the right hand side is evaluated at 2*. Assuming a canonical Kihler potential K = ®®,

the full Lagrangian then is:

L= /d29d2§K(<I>,<I>) +/d29 W(®) +/d2§W(<I>)

oW 10w
96 20606

0,606+ £ (96 D — D) + FF + ( o+ h.c.) C (5.43)

As in the free Wess-Zumino model, the field F' is still auxiliary. Integrating it out using its

equation of motion gives

_ oW ow
F=— F=— 5.44
and thus
. 2 2 2747
— O oM 4 [Ty ol 7_8_W _18W _18W77
L=0,00 ¢+2(au¢a¢ Y ot o)) ‘(% 28¢8¢¢ 28&8&@. (5.45)
Notice that there is a non-trivial scalar potential,
— oW
V(, ) = 'a—¢ (5.46)

Susy nvariant actions obtained by full superspace integrals are called D-terms, while

those obtained by half superspace integrals are called F-terms.

We could then consider more complicated susy-invariant Lagrangians using n chiral mul-
tiplets ®;, « = 1,...,n. This would lead us to consider more general Kahler potential
K(®', ®;) and superpotential W (®;). The Lagrangian has the same form as in the case of
one field:

L— / 2042 K (@ ;) + / Q20 () + / LT (D;) (5.47)

¢ Exercise. As a first thing, notice that if Y is a general superfield, then D?Y is chiral,
since D, D? = 0. Then show that any integral in full superspace can be written as an integral

in half superspace as:

_ 1 _
/ dr 00y = / d*z 420 DY . (5.48)

The converse is not true, for instance the half-superspace integral [ d*zd?0 ®" for a chiral
superfield ® cannot be written as a full superspace integral. The half superspace integrals
that can written as full superspace integrals should not really be seen as F-terms, but rather

as D-terms.
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¢ Exercise. Consider the Lagrangian (5.43), with K = ®®. Using the result of the
previous exercise, show that imposing that the action is extremized under a variation of ®

gives the superfield equation of motion

1l—2- OW
1D+ T =0 (5.49)

[for more explanations, see Bertolini’s lectures around eqs. (5.3), (5.4)]. Notice that this is
a chiral superfield. Work out its components and convince yourself that these are equivalent
to the equations of motion of the fields F), 1, ¢. In particular, its bottom component is the

equation of motion for F|,
7 ow

~ 9 "

This illustrates that the equations of motion of the fields in a supermultiplet form themselves

0. (5.50)

the components of a supermultiplet and are therefore related to each other by supersymmetry
variations. You can also check this explicitly: start from (5.50) and verify using (4.2) that
its susy variation gives the equation of motion for v; variation of the latter then gives the ¢

equation of motion as an F-component. Further variations give redundant equations. ¢

6 Interacting Wess-Zumino model and holomorphy

Let us take a single chiral superfield ® and require renormalizability of the theory. Then the

most general superpotential is
W(®) = im®? + IrD° . (6.1)

Together with the Kihler potential K = ®®, this defines the interacting Wess-Zumino
model. Notice that the %mqﬂ term in the superpotential yields precisely the mass terms
(4.3), which on-shell become (4.4). Let us take a look at the interaction term $A®?. From
(5.45) we obtain the Lagrangian:

Ly==N[o|" = Agvyp — M) (6.2)

where here X is taken real. We see that the coefficient of the quartic self-interaction of the
scalar field is related to the Yukawa couplings of the scalar and fermion fields. This implies
that the one-loop corrections to the scalar propagator due to these interaction terms are
both proportional to A\* and exactly cancel out (recall that fermion loop comes with a minus
sign compared to boson loops). This property does not hold just at one-loop: in fact the

superpotential (6.1) turns out to be exact at tree level! Although this result was originally
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obtained using a diagrammatic technique (supergraphs), in the following we will prove it
by adopting a more modern approach which uses the spurion method and the holomorphy
of the superpotential. This will give us the opportunity to illustrate a general property of
supersymmetry, that is how holomorphy in the couplings provides a simple derivation of very
powerful non-renormalization theorems.

The idea of the spurion method in supersymmetric theories is to promote any parameter
in the Lagrangian to be the VEV of a superfield. In particular, if we focus on the superpo-
tential term in the Lagrangian, each coupling, which may be complex or not, can be thought
of as the bottom component VEV of a chiral superfield. The latter is assumed very heavy
and thus frozen at its VEV. The theory is viewed as an effective theory of a parent UV
theory where these heavy fields have been integrated out, so that only their VEVs remain
in the Lagrangian and can be treated as spurion fields. Often this trick allows to enhance
the symmetries of the Lagrangian. These spurionic symmetries constrain the quantum cor-
rections and thus the possible effective operators that are generated when one adopts the
Wilsonian approach and integrates out the physics between one scale and another.

This point of view makes it clear that the F-term Lagrangian is not only holomorphic in
the fields, but also in the couplings. The Wilsonian effective action should also display such
holomorphic dependence on the UV couplings (while this is not true for the 1PI effective
action). This means that quantum corrections to the tree-level superpotential are constrained
by holomorphy in the couplings, in addition to the usual spurious symmetries introduced by
the spurion methods.

Let us illustrate this further with a very simple example. Let us assume that the tree-
level superpotential W, contains a term AO_;. Regarding \ as the VEV of a superfield, we
can introduce a spurious U(1) symmetry under which A has charge 1 while O_; has charges
—1. Imagine that we want to know how an operator O_;g can appear through quantum
corrections. The usual spurion analysis would lead us to consider terms in the effective
superpotential of the form:

AW ~ XOO_ 154+ AMAO_1g+ ...+ A% W O_jg+ ... | (6.3)

which are all uncharged under the spurious U(1) symmetry. In addition, here we are assuming
that the classical limit A — 0 must be smooth and therefore no negative powers of A can
appear. Now, the requirement that the spurion field A only appears holomorphically in the
quantum-corrected superpotential introduces a new, drastic constraint, implying that only
the first term is admittable.

We are thus discovering a general feature of supersymmetric theories: combining holo-

morphy of the superpotential with the spurion method and with smoothness requirements in
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various weak-coupling limits allows to strongly constrain the effective superpotential terms

that are generated by quantum corrections.

After these general considerations, let us then come to our Wess-Zumino model and start

from the tree-level superpotential
Wiree = 3m®? + 2AD° (6.4)

We ask what is the form of the effective superpotential Wg after quantum corrections have
been taken into account. We use the spurion method and promote m and A to spurionic
chiral superfields. This allows us to introduce a spurious U(1) flavor symmetry and a spurious
U(1) R-symmetry. By flavor symmetry we denote a symmetry whose generator commutes
with the supercharges; hence both the supercharges and the Grasmannian coordinates 6,0
are uncharged under a flavor symmetry. As seen above, the R-symmetry instead acts non-
trivially on the supercharges (by preserving the susy algebra) and thus on the susy parameters
and on the Grassmannian coordinates of superspace. For the fields in (6.4) we take the

following charges under the two symmetries:

UMr U1
d 1
m 0 -2 (6.5)
A -1 =3

so that the superpotential has R-charge 2 and flavor charge 0. Of course, the symmetries
are spurious since they are spontaneously broken once the spurion fields m and A acquire
a non-vanishing bottom-component VEV. We now discuss the effective superpotential in a
Wilsonian sense. This should be holomorphic in ®, m, A and must still have R-charge 2 and

flavor charge 0. The most general form satisfying these conditions is:

o0

AP
Weg = Z an N"mITO 2 = md? f (E) , (6.6)

n=—oo

where firee = % + % %. We now consider the classical limit A — 0; in this limit we should
recover the tree level result and therefore there cannot be negative powers of A, which

would make Weg diverge. Hence n > 0 and moreover ag = % and a; = % so that firee
is recovered. Taking the massless limit m — 0 at the same time as A\ — 0 (so that the
theory is still weakly coupled) in such a way that m/A — 0 and requiring smoothness of
the Wilsonian effective action implies n < 1 (the Wilsonian effective action does not suffer

from IR divergences associated with m = 0 particles because we do not integrate down to
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zero momenta, contrarily to the 1PI effective action). This completely fixes f = fiee and

therefore
Wegr = 2m®* + IA0% = Wigee | (6.7)

that is the tree-level superpotential is already the full quantum superpotential. This means
that our superpotential is not renormalized at any order in perturbation theory and even
non-perturbatively. That is, (6.7) is an ezact result.

This result can be generalized to any model containing only chiral superfields. This
means that in the absence of gauge interactions, the tree-level superpotential is already the
exact quantum superpotential.

Supersymmetry also has nice features in the presence of gauge interactions. In order to

illustrate these, we need to introduce the supersymmetric gauge Lagrangian.

Integrating out®

In order to illustrate further the power of holomorphy, let us consider another example,

where we have two chiral fields H and L and a superpotential

1 1
W = 5MH? + 5ALQH : (6.8)

We want to integrate out the massive (heavy) field H and obtain the effective superpotential
for the massless field L. This will be valid at scales lower than the H-mass M. Again
we adopt the spurion method, promote the couplings to chiral superfields and enhance the

global symmetries to

(6.9)

—1 —2

where U(1), and U(1), are spurious symmetries while U(1)g is a true R-symmetry. The
effective superpotential must respect the above symmetries and again be holomorphic in M

and A (as well as L of course). The only possibility is:

A2LA
M Y

Weff = a (610)

where the constant a is not fixed by the present argument and can be determined by a

perturbative computation at tree level.

6See Section 9.5 of Bertolini or Section 8.3 of Terning.
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The same result can be obtained by integrating out H. This means that we treat it as a
constant field frozen at its VEV (as it should be at scales much lower than M). Thanks to
the fact that the superpotential above is already the full quantum superpotential, the VEV

of H is straightforwardly determined using the classical equation of motion. This gives

ow 1 A
0 oH * 2)\ 2M (6.11)

Substituting this in the superpotential yields

1N2L4
8 M

Weg = (6.12)

which is the same result obtained with the spurion analysis (with the coefficient a now being
determined).

As a final comment, we observe that here we have not imposed smoothness of Wg for
M — 0. This is for a simple reason: Weg is only valid at energies lower than M, which plays
the role of a UV cutoff. So it doesn’t make sense to send M — 0 in this effective theory.
If we try to do this, we find a singularity. This should not be regarded as a pathology, it
rather indicates that the effective theory needs to be modified for M — 0. Indeed new light
degrees of freedom should be included; these are those carried by the field H that we have

integrated out.

7 Supersymmetric gauge theories

7.1 Abelian gauge theory

We would like to construct supersymmetric gauge interactions. Let us start from the Abelian
case, that is we consider a gauge group G = U(1). We have seen in Section 5.3 that a vector
superfield V| subject to the gauge transformation (5.25), contains an (Abelian) gauge field
v,. In order to construct a supersymmetric gauge Lagrangian using such superfield, we
should as a first thing construct the superfield representing the supersymmetric extension of
the field strength. So we should act on V' with some differential operator; in order to obtain
again a superfield, this should be constructed from the susy-covariant derivatives D, and
D,,, which send superfields into superfields.
The wanted supersymmetrization of the field strength is achieved by:

W, — —iDDDaV S _}:DDde | (7.1)
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Notice that W, is a chiral superfield, indeed D;W, = DyD*D,V = 0 since DQDBDB =0

identically. Moreover, it is invariant under gauge transformations
VoV+od+d. (7.2)

Indeed,

1- = - 1 5=
W, W, —~-DDD,(®+®) = W,+-D°D.D,®
— 1 (®+ @) +1D"°D;

15 - i _
= Wa+ ZDﬁ{DB,Da}é = W, + §ogﬁ.au DP® =W, . (7.3)

Since W, is gauge-invariant, we can work in a convenient gauge, which of course will be
the Wess-Zumino gauge introduced in Section 5.3. The vector superfield in this gauge was
given in (5.26). In order to work out the components of W,, it is convenient to switch to

the shifted coordinate y* = 2* + ifo*0. In these coordinate, Viyz reads:
Viwz(y,0,0) = 05"0v,(y) + i00 OX(y) — 00 OX(y) + % 0000 (D(y) — i0,0"(y)) , (7.4)

where in order to see equivalence with (5.26) one needs to use (9o+9)(60"6) = 1(66)(60)n"".
Acting with D,, and recalling (5.18), we obtain:

Do Viwz = (0"0)qv, + 2i0,0) — 00X, + 0, 00D + i(c0),00F,, + 0000 (c"0,\) , (7.5)
where all components still depend on y. Here,
F,, =0,v, —0,v, (7.6)

is the field strength of the Abelian gauge field v, so we are on the right track for constructing
the supersymmetric extension of the field strength. Using Dgy* = 0 and DD#f = —4, we

can go on and obtain:
Wo = —idg 4+ 0aD + i(0"0) o Fu 4 00 (670,)) - (7.7)

Notice that this chiral superfield carries a spinor index «, so its bottom component is not a
scalar field as in the chiral superfield ® studied before, but the spin 1/2 gaugino field A,.

Since W, is chiral, the half-superspace integral
Lanne — / LOWW, + hec. (7.8)

is Lorentz invariant, real and supersymmetric. Since [A\,] = 3/2, we have that [W,]| = 3/2

and therefore we have a good dimension 4 Lagrangian. In components, we have:

- 1
/ A0 WW,, = —2i "I, \ + D* — §(aﬂ”)aﬁ(ap0)a5FwFpg : (7.9)
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where we used tr(c*”) = 0. Using further

g\ aB(GPo 0g = 1 NP — Py — iguvm : 710
F7 9 2
we arrive at
1 ) )
/d28 Wew,, = —QFWF’“’ — 2iAd" O\ + D? + ie“”p"Fw,Fpg . (7.11)

Therefore we obtain for the supersymmetric Abelian gauge Lagrangian (up to total derivative
terms):
Loange = —F, " — 4ida" O\ + 2D* (7.12)

We conclude observing that
/ 2o Wew, = / d?¢ d*0 DV W, , (7.13)

meaning that the gauge Lagrangian can also be written as a full superspace integral. Because
of this, it cannot really be considered an F-term and should instead be seen as a D-term.

This will be important when we will discuss its renormalizations properties.

¢ Exercise. Using the superfield approach, work out the supersymmetry transforma-

tions for the components of the vector superfield.

7.2 Pure super-Yang-Mills theory

We would like to generalize the Abelian construction above to accommodate for non-Abelian

interactions. Let us thus consider a general gauge group G of rank r. The gauge potential is
v, = v, T, a=1,...,dimG , (7.14)

where T are the generators of GG in the adjoint representation. These are taken hermitian,
(T*)" = T°. The gauge field strength reads
i

F., =0,v, — 0, — 5[1)“, v, . (7.15)

Under an ordinary gauge transformation with parameter u = u*T*, these transform as:
v, > U w,U+22U'9,U, F,—U'F,U, (7.16)
where the gauge covariant derivative reads

l
Dy =0y — §[Uua ] (7.17)
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Let us thus start by generalizing the vector superfield to
V=vere. (7.18)

It is important to notice that all its components, and not just the gauge field v, transform
in the adjoint representation.

In this non-Abelian case, the basic object to consider is €' rather than V iself (here
eV should be understood as a formal Taylor expansion 1 4+ V + %VQ + ...; notice this is
also a superfield, since multiplication of superfields yields again a superfield). For the finite,

non-Abelian gauge transformation in superspace we take:
eV — eheVe i (7.19)

where A is a chiral superfield. In the Abelian case and at first order in A, this reduces to
the gauge transformation used in Subsection 7.1 (upon identifying ® there with —iA here).
Again it is possible to impose the Wess-Zumino gauge, in which (V)" = 0 for n > 3. This
implies

eV =1+V+ %Vz : (7.20)
This makes it further clear why the Wess-Zumino gauge is particularly convenient. In what
follows we will always work in this gauge.

The non-Abelian gauge superfield is:
1= - — 1 _
Wo=—3DD (7" Dac") . Wa=+7DD(e"Dse™") (7.21)

which to first order in V' corresponds to the definition of the Abelian gauge superfield. We

now prove that this transforms covariantly,
Wy — e W, em™ (7.22)

and we thus have a good definition for a field strength and Tr W*W,, is gauge invariant.
Notice that the transformed superfield in (7.22) is still chiral.

Proof. Under the gauge transformation (7.19), the gauge superfield transforms as:

1 - _ . - - )
W, — _ZDD [e“\e’veﬂADa(e“xeve’m)}
1

= _ZLDD [em (e_VDaeVe_iA + Dae_m)}
= —}leiADD (e7VDye") e ™ = erWoe ™, (7.23)
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that is what we wanted to show. In order to reach the last line, we used that D et = 0
because A is chiral and that DDDye ™ = —D°{Dg, D }e~"* = 0. In the same way one can
prove that W transforms as

Wd — GiAWd e_“_\ . (724)

Next we expand the gauge superfield W, in components, and in particular check whether

it contains the correct non-Abelian field strength. Using (7.20) into (7.21), we have

1 1 1
m@:—ZDD[(L—V+§Vﬂz%(1+v+§vﬁ}

1 - 1~
= —;DDD.V + 2 DDV, D, V] . (7.25)

The first term has the same component expansion we already computed in the Abelian case.

One can see that the second term gives

éDDﬁﬂDdﬂ:%wwa%mA—%%a%@mV]. (7.26)

Putting the two terms together, we see that the ordinary derivatives get promoted to covari-

ant derivatives and we obtain the result:
Wo = —ida(y) + 0aD(y) + i(6"0)aFyu(y) + 00 (6" DuA(y)),, (7.27)

where F,, and D, are precisely the field strength and the covariant derivative defined in
(7.15) and (7.17). Recall that all components are in the adjoint representation of the gauge
group, that is A = A*T", D = D*T*, and of course F),, = I T*.

We conclude that the chiral superfield W, provides the correct non-Abelian gauge field

strength. It also includes the covariant derivative of the gaugino field.

¢ Exercise. Prove the component expansion (7.26) (hint: first compute [V, D, V] and
then use DDA = —4).

The Lagrangian constructed using the superfield above does not contain the gauge cou-
pling constant g explicitly. In order to introduce it and obtain canonically normalized kinetic

terms, we first redefine our fields as
V=2V & wv,—29v,, AX—=29\, D—2gD. (7.28)

It also follows that the superfield strength W, is redefined as W, — 2gW,. The ordinary

field strength and the covariant derivatives now read
F,, = 0,v, — 0,vu, —iglv,, v , D, =0, —iglv,,] . (7.29)
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Independently of the rescaling just made, one also introduces the complexified coupling
constant p i

YM ™
=— 4+ —, 7.30
where 0y, will give rise to a new term, the f-term, that we did not include in the Abelian

case. The N = 1 super-Yang-Mills Lagrangian can then be written as:

1
Loym = — Im (r / d%0 Tr Wawa>
32

Oy
3272

1 o1 8
= Tr (—ZFWF“” —iAd" D, + §D2> + ¢*Tr F,, F" . (7.31)

where

- 1
FHY — 56‘“”” Fpa

is the dual field strength and the gauge group generators are normalized as Tr T°T° = §7.

(7.32)

So we have obtained not only the N = 1 super-Yang-Mills kinetic Lagrangian, but also a

new fyy-term. These are both supersymmetric.

¢ Exercise. Using the superspace approach, derive the supersymmetry transformations

of the components in the gauge superfield Viyz.

7.3 General matter-coupled super-Yang-Mills theory

We now want to couple matter superfields to the pure super-Yang-Mills theory constructed
above. We thus consider chiral superfields ®°, transforming in some representation R of the
gauge group G, with the generators being represented by matrices (T8)";. This means that

®' transforms as

o' — (M) ;®,  where A = AT} . (7.33)

For the transformed field to remain chiral, we need that A is a chiral superfield. In other
words, the transformation of ® should not involve the anti-chiral superfield A.

Note that the canonical kinetic term ®® discussed before would not be gauge-invariant.
In fact it is straightforward to see that the correct gauge-invariant generalization of the

kinetic term is

de'd | (7.34)

and the full matter Lagrangian reads

L / 20420 B eV P + / 020 W (®) + / 2T (®) (7.35)
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Let us compute the D-term of this Lagrangian (7.35). Recalling that we work in Wess-

Zumino gauge, we have
_ _ _ 1-
Pe"d=dD+ OV + §<I>V2<I> . (7.36)

We need to extract the #9000 component of this superfield. We already discussed the first
term, recall eq. (5.34). The other two terms can be calculated multiplying the superfields and
focussing on the 0006 piece; one can check that their effect is to make the ordinary derivatives
in (5.34) covariant under the gauge symmetry, and to add some further interaction terms
dictated by supersymmetry. Up to total spacetime derivatives, we end up with:

/ *0d*0 ®e"'® = D,¢pD"$ — itho" Db + FF + — (oA — YAg) + %¢D¢ . (7.37)

i
V2
where the covariant derivative is D, = 0, — %UZTI%. It should not be confused with the
auxiliary field D appearing in the last term. Moreover, the Yukawa coupling between the

gaugino A\ and the matter fields ¢, is understood as:
oM = i AN(T)'5 47 (7.38)

and similarly for ¥ \¢.

What about the superpotential in the Lagrangian (7.35)7? Of course this must be gauge
invariant, and we should ask how this can be achieved using only chiral superfields. For
instance, let us consider G = SU(3) and try to construct a superpotential for the chiral
superfield ® (quark superfield) transforming in the 3 representation. The only renormalizable
term we can write down is eijkq)ifbj ®* there is no way to write down a gauge invariant
mass term quadratic in the fields. In order to obtain mass terms for matter superfields
transforming non-trivially under the gauge group, we need a chiral field ® transforming in
the 3 (quark superfield) and another field ®, also chiral, transforming in the 3 (anti-quark
superfield), so that we can add gauge-invariant mass terms dd to the superpotential. This
is a general lesson: in order to have mass terms for colour charged matter fields, one has
to introduce two sets of chiral superfields that transform in conjugate representations of the

gauge group.

Fayet-Iliopoulos terms. There is one final ingredient we should add before being in the
position to write the general matter-coupled super-Yang-Mills Lagrangian. This is given
by the Fayet-Tliopoulos terms. Suppose the gauge group contains n U(1),4 factors, with

A=1,2,...,n. Associated to each of them we have an Abelian vector superfield V4. Under
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the Abelian super-gauge transformation of the type V' — V —iA + iA, the D-term of V4

transforms as a total derivative, D4 — D4 +9,0% (...). We can write down the Lagrangian
~ 1
_ 29 120 VA _ A
Ly = §Aj§A/d 0420 V4 = §§A:£AD : (7.39)

where the &4 are called Fayet-Iliopoulos parameters. This is gauge invariant (up to total
spacetime derivatives), real and supersymmetric (being the full superspace integral of a real
superfield). Note that since [D] = 2, we should take [{4] = 2.

The full Lagrangian. Putting all the terms discussed so far together, we can write a
very general matter-coupled super-Yang-Mills Lagrangian. Assuming a canonical Kahler
potential, and performing the redefinition V' — 2¢V (discussed above) that gives canonical

kinetic terms for the gauge field, the most general Lagrangian is:

L = Lsym + Lmaster + LF1
_ 32%1111 (T/cPe Tr W“Wa) + 2g§§A/d29 426 VA
+ / d?0d*0 0 eV D + / 2o W (®) + / 20 W () . (7.40)
In components, it reads

1 . S e Ovm o - A
L="Tr (—ZF,“,F“ — A" DA+ 5D ) + 355 0" Tr B +9;5AD

+ Db D'¢ — iho" Dyt + FF + V2ig (oM — hA) + gd Do

ow . oW 19w ., . 1 PW _ -
— a¢iF a5, 28¢i8¢jww_§mwi%' (7.41)

The equations of motion for the auxiliary fields F* and D® that follow from this Lagrangian

are:
D* = —goT"¢ — g&" (7.42)

where it is understood that the Fayet-Iliopoulos parameters are non-zero only when a = A,
that is when the index a labelling the generators of the gauge group G runs over its Abelian
factors.
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Integrating the auxiliary fields out, that is replacing their solution from the equation of

motion in the Lagrangian, we arrive at the following on-shell Lagrangian:

1 , N0 — . .
L="T: (—ZFWF“” - zAa#DMA> M 2 Tr Fl F* + D, D" — iho* D,y

3272
- — 1 0°W 1 0°W -
2ig (PN — Y AP) — =— i i ,P) . 7.43
+V2ig (eX — PA) 28¢18¢3ww 28¢,8¢]w% V(o 9) (7.43)
The function V(¢, ¢) is the scalar potential
- ow 8W
V(p,¢) = . J(T2) 07 + 7.44
©.9) = 5556+ @ el 2 (7.44)
where we have emphasized that it is non-negative. Note that is can also be written as
_ 1
V= FF+ -D? (7.45)
on—shell

We will discuss it further in the next Section, where we study the vacuum structure of

supersymmetric theories.

7.4 Renormalization of the gauge coupling

We have seen in Section 6 that the effective superpotential of a theory with just chiral mul-
tiplets does not receive quantum corrections neither perturbatively, nor non-perturbatively.
This property extends to any F-term, that is any half-superspace integral that cannot be
rewritten as a full superspace integral. One may wonder whether a similar non-renormalization
property holds for the gauge kinetic term ( [ d?0TTr W“Wa), that is also a half-superspace
integral (although it is not exactly on the same footing as a superpotential term since we have
seen it can be rewritten as a full superspace integral using DD ~ [ d@). Again exploiting
the power of holomorphy, we will see that in fact when we lower the renormalization group

scale the gauge kinetic term receives corrections only at one loop in perturbation theory.

In order to see this, we need to briefly discuss two properties of general Yang-Mills

theories, not necessarily supersymmetric. The first property concerns the #-term

Oym [ 4 -
Sp = 3972 /d xTr F,, F* | (7.46)

where we recall that Fr* = %e‘“’p"F o It is easily checked that the integrand can be written

as a total derivative,

Sp=2 / d'z €7 0, Tr [A,0,A, + 2A,A,A,] (7.47)
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and thus integrates to a boundary term, although of a gauge dependent quantity. It follows
that Sy does not affect the classical equations of motion. Also, it has no effect in perturbation
theory and 6yy; does not get renormalized perturbatively. The value of the boundary term
depends on the behavior of the gauge field at infinity. Convergence of the action requires
that the field strength F},, — 0 for || — oo, however A,, does not need to vanish: it can take
any pure gauge configuration asymptotically. Now, there exist gauge transformations that
are not continuosly connected to the identity (these are called large gauge transformations).
The action Sy does not vanish when the gauge field is given by one such transformation.
Working in Euclidean signature, one can show that it actually evaluates to an integer (times
Oym):

0 3
Sp = SQL;A? /d49(: Tr F,, F* = nbyy , where n € 7Z . (7.48)

The integer n is a topological quantity since it is independent of local deformations of the
field configurations, and is called the instanton number.” Since the action enters in the path
integral as [ D¢ e, we conclude that a shift

QYM — QYM + 27 (749)

is a symmetry of the theory as it does not change the path integral. This means that 6y
should be regarded as a periodic variable, with period 27. For this reason it is called the
f-angle.

The second property we will need concerns the beta function of Yang-Mills theories.
The gauge coupling runs with the renormalization group scale u, the rate of its variation
being controlled by the beta function 5 = ,uag—(;). A one-loop computation shows that for

Yang-Mills theories the beta function is
89 B b1

vy _ 3 5
Hon = o9t O(g”) , (7.50)

where b; is a numerical coefficient that depends on the details of the theory, and O(g®)

denotes higher order corrections. The solution of this equation is

= —— log '~ 7.51
@G~ 8 (751

up to higher order corrections. Formally the real quantity |A| arises in this formula as an

integration constant. Physically it is interpreted as the scale where the one-loop coupling

"Instantons are solutions to the Euclidean equations of motion with finite action. They play an important
role when evaluating the non-perturbative contributions to the path integral of gauge theories. A detailed

discussion of instantons would require another full course.
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diverges; of course the one-loop approximation is not correct in such regime and thus |A|
sets the scale at which higher loop corrections and non-perturbative effects should be taken
into account. At any fixed scale pg, we can rewrite (7.51) as an expression for |A:

82

|A| = poe n?wo) . (7.52)

Despite the appearance, |A| does not depend on the renormalization group scale. Indeed we

can compute:

8|A| _b8+(2)+ |: 872 2 ( b1
—_— = e 197 (KO -
Apo S TP

872

g3+0(95))} e et = 0+..., (7.53)

where the dots denote possible higher order corrections. However one can show that % =0
holds at any order in perturbation theory: |A| is an intrinsic scale, independent of the
renormalization group scale. So using (7.52) we can evaluate |A| at a given scale ji, knowing

that it will remain the same when we lower the scale.

Armed with the two facts about Yang-Mills theories briefly illustrated above, we can
tackle the question of gauge coupling renormalization in supersymmetric theories. Our main
scope will be to illustrate how the additional properties of supersymmetry greatly constrain

the quantum corrections. We consider pure N = 1 super-Yang-Mills theory with Lagrangian

1

[ —
1671

/d207'TI‘ WWy + h.c., (7.54)
where we recall that the complexified gauge coupling is 7 = ag—ﬂM + % and we stress that we
are not performing the rescaling (7.28); then the gauge fields are not canonically normalized
and the coupling constant g appears in 7 and nowhere else.

For pure N = 1 super-Yang-Mills theory with gauge group G = SU(N), the coefficient
by in (7.50) can be shown to be by = 3N. Let us assume we start at some UV scale po and
measure the intrinsic scale ,

|A| = o ¢ TG (7.55)
We have seen that this is actually independent of 1, so the same value would be obtained
if it was measured at any other scale. We can further define a complexified intrinsic scale A
as

2miT(ug)

A=Al = e WY (7.56)

It is important to notice that since fyy; does not get renormalized, this remains an intrinsic

scale, independent of .
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We want to study the quantum corrections to the gauge kinetic term while we integrate
down to some lower scale u. Because of supersymmetry, the effective gauge kinetic term
T(A )

Do e .
o e WO W+ he (7.57)

and we ask how the effective coupling 7 depends on A and p. We know that at one-loop the

must have the form

gauge coupling is

1 3N A
TN = T as logu . (7.58)
9*(w) 8 [t
The one-loop complexified gauge coupling can then be written as a function of A and pu as
3N . A
Joop(A; ) = — log — . 7.59
Traoop (i) = 5~ log (7.59)

Now we impose two crucial requirements:
1) as seen above, a shift in the theta-angle 6yy; — Oy + 27 must leave the physics

invariant. This shift is the same as 7 — 7 + 1 and correspondingly

A— eV A, (7.60)
So 7(A; 1) must depend on A in such a way that when this is transformed as in (7.60), 7
just shifts by 1. Since this is already achieved by the one-loop term (7.59), any additional
term must be invariant under (7.60).
2) 7 must be a holomorphic function of A. Indeed similarly to the coupling constants in
a true superpotential term, A may be regarded as the VEV of a chiral superfield; therefore
the term (7.57) should depend holomorphically on it.

From these two requirements it follows that the effective coupling must take the form

T(As p) = el log% + f(As ) (7.61)

271

with f holomorphic in A and invariant under (7.60). We also impose a further consistency
requirement:

3) that f has a Taylor expansion including only positive powers of A. This is because for
A very small, which is a weak coupling limit, we should get the one-loop result back.

This implies that the effective coupling (7.61) has the form

BN . A (A

where n is an integer. The first term is the one-loop result while the other terms cannot

be reproduced in perturbation theory: they are non-perturbative corrections due to the
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instantons seen above, where n is precisely the instanton number. We conclude that the
complexified gauge coupling T is one-loop exact in perturbation theory, and only receives
non-perturbative corrections.

Note: for pure N = 1 super-Yang-Mills theory one can further show that a,, = 0, that is
all non-perturbative corrections vanish and 7 is really exact at one loop; on the other hand,
for a matter-coupled super-Yang-Mills theory like the supersymmetric QCD that we will see
below the non-perturbative corrections do not vanish.

We emphasize that the result above is valid only in the so called “holomorphic scheme”
where the gauge coupling appears only in the complex parameter 7. If we rescale the vector
superfield by the gauge coupling g in order to achieve canonically normalized kinetic terms,

then the gauge coupling expressed in this scheme receives higher loop corrections.

8 Vacuum structure

8.1 Supersymmetric vacua

Perturbative computations in quantum field theory are done by studying the field fluctuations
around a stable configuration, that is usually taken to be the vacuum. We define the vacuum
as a Lorentz invariant, stable (or sufficiently long-lived) state. Lorentz invariance implies that
only scalar fields can take a non-zero vacuum expectation value; it also implies that this value
must be constant. Hence the only term that contributes when evaluating the Hamiltonian
in the vacuum is the scalar potential. On the other hand stability means minimal energy.
Therefore vacua are in one-to-one correspondence with the (global or local) minima of the
scalar potential.

Let us then look at vacua in supersymmetric theories. We have seen that the scalar

potential for a general N = 1 theory is

- oW oW  ¢? o aNi u
Vg, ¢) = 96 90, +3 Z |0i(TH) 507 + ¢ ’2
_ 1 9
— FF+-D > 0. (8.1)
2 on—shell

Non-negativity of the scalar potential implies that the vacuum energy can never be negative.

As seen when studying the general consequences of the superalgebra, this also follows from

QP ~ > (1QalI +1QalDI?) 20, (8.2)

«
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where |Q2) can be any state, in particular the vacuum. This preserves supersymmetry if it is
annihilated by the supercharges,

QalQ) = Qal2) =0 . (8.3)

We conclude that a vacuum is supersymmetric if and only if it has zero energy. Conversely,
supersymmetry is broken in the vacuum whenever the latter has positive energy. This
means that supersymmetric vacua are in one-to-one correspondence with zeros of the scalar

potential, and are thus characterized by the equations:

- 0w
F="
K3 agbz Y

0=D"=—gdT —g&*, 0 (8.4)
These are called the D-term and F-term equation, respectively. While solving these equations
one should mod out by gauge transformations, because solutions that are related by a gauge
transformation describe the same state. The F-term equation means that supersymmetric
vacua extremize the superpotential, when this is present. Notice that in general it is easier
to extremize the superpotential rather than the full scalar potential (8.1). So it is easier to
find supersymmetric vacua than generic vacua.

The set of solutions to the D-term and F-term equations (8.4) is called the moduli space
of supersymmetric vacua. The scalar fields that parameterize it are flat directions of the
scalar potential and are called moduli. Since these scalar fields don’t feel any potential, their
fluctuations around a given supersymmetric VEV correspond to massless fields. Therefore
the moduli provide the lightest fields in the low energy effective theory around a given
supersymmetric vacuum. Different VEV’s for the moduli lead to physically inequivalent
low-energy effective theories, since the spectrum of massive fields in general changes.

It is also important to notice that while in non-supersymmetric theories (or in a susy-
breaking vacuum of a supersymmetric theory), the space of classical flat directions is gener-
ically lifted by quantum corrections (captured by the Coleman-Weinberg potential), in su-
persymmetric theories this cannot happen: if the vacuum energy is zero at tree level, it
must remain zero at all orders in perturbation theory. This is because the quantum correc-
tions that would generate a potential for the moduli are suppressed by cancellations between
bosons and fermions running in the loops. This means that if a vacuum is supersymmet-
ric at tree level, it will remain such at all orders in perturbation theory. In other words,

supersymmetry can only be broken either at tree-level, or by non-perturbative effects.

We now study an example where the D-term and F-term equations have a solution,
namely the theory admits supersymmetric vacua. Then we will move on to study vacua in

which these conditions cannot be solved and supersymmetry is spontaneously broken.
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The example of SQED

[See Bertolini’s lectures, pages 95-99]. Let us consider SQED, the supersymmetric version
of quantum elecrodynamics. This has gauge group U(1), N; pairs of chiral superfields @, Q:
having opposite charge under U(1), and no superpotential nor Fayet-Iliopoulos terms. For
definiteness we take the charges to be all equal to +1 for the Q' and —1 for the ;. The

Lagrangian is

1 _ o= .
Lsqup = 55—1m (T / d42¢ W“Wa) + / 420 420 (Qi VO 1O, 6_2‘/@) . (8.5)
T
(The fields here are normalized so that the gauge coupling only appears in 7). Since there

is no superpotential, supersymmetric vacua are characterized by the D-term equation
@q —ad =0, (8.6)

where ¢’ and ¢ are the bottom component of Q and Q, respectively. In addition we should

take into account the redundancy due to the gauge symmetry, which acts as

¢t — e’ G — e g . (8.7)
These are two real conditions. It follows that the complex dimension of the moduli space of

supersymmetric vacua is

dime M =2N; — 1 . (8.8)

So although we started with 2Ny chiral multiplets, only 2Ny — 1 are needed to describe
the moduli space and (as we will discuss further below) the low-energy effective theory.
Where has the remaining chiral multiplet gone? If ¢ and ¢ have a non-zero VEV, then
the gauge group is broken in the vacuum and the photon becomes massive via the Higgs
mechanism. In this mechanism, the photon acquires its third polarization state by absorbing
a real scalar field. However, for this to happen in a supersymmetric way it must be that an
entire chiral multiplet is absorbed by the vector multiplet. Recall that the bosonic on-shell
degrees of freedom of a massive vector multiplet are those of a massive vector field and a real
scalar field, which correspond exactly to the bosonic on-shell degrees of freedom of a massless
vector multiplet and a chiral multiplet. The fermionic degrees of freedom work accordingly:
the Weyl fermion in the chiral multiplet provides the needed degrees of freedom to make
the fermion in the vector multiplet (called the “photino”) massive. This is the super-Higgs
mechanism. We remark again that the supersymmetric vacua that make the moduli space
are physically inequivalent, as the mass of e.g. the photon depends on the VEV of the scalar
fields.
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We also note that there is a special point in the moduli space: the origin (¢') = (¢') =
0. In this point the gauge symmetry is restored; correspondingly, the D-term and gauge
invariance conditions are trivially satisfied and one has more massless degrees of freedom.
One says that the theory is un-Higgsed as in this special point there is no (super-)Higgs
mechanism taking place.

In order to discuss the low-energy effective theory on the moduli space, let us focus on
the simplest case Ny = 1, where the moduli space has complex dimension 1. The moduli
space is conveniently described using the only independent gauge-invariant operator we can

construct using ) and ), which is
M =QQ (8.9)
(this is called the “meson”). Its VEV (M) = (QQ) = (¢q) parametrizes the moduli space.

Moreover, the fluctuations of M around the VEV describe the massless degrees of freedom

in the low-energy effective theory. Indeed in our Ny = 1 example, after projecting on the

QQ =QQ = VMM . (8.10)

So the Kahler potential, which in the original UV theory is canonical, on the moduli space

moduli space we can write

reads B

K=QQ+QQ=2VMM (8.11)
and is thus non-canonical. The scalar kinetic term that follows from this Kéhler potential
is:

Ly T d,m o*m (8.12)

M

where m is the bottom component of M. Notice that this is singular at m = 0, that is at
the origin of the moduli space. This should be no surprise: we have already seen in the
“Integrating out” example in Section 6 that singularities showing up in the (Wilsonian) low-
energy effective theory generically signal the appearance of extra light degrees of freedom
that should be included in the description, and in this case we know that at the origin of
the moduli space the vector multiplet becomes massless again as the theory is unHiggsed.
Let us also briefly discuss the case Ny = 2. Now the moduli space has complex dimension
2N;—1 = 3. We can make four possible gauge-invariant meson operators, M; = Q*Q;, i,j =
1,2, but being constructed from the two vectors Q°, Qj, this is a rank-1 matrix and therefore
obeys the constraint 0 = detM = M M?, — M, M?,. So we really have three independent
meson operators. Again these can be used to parameterize the three-dimensional moduli
space. The Kihler potential on the moduli space is K = Q,Q" + CZQZQZ =2 \/W =
2VTr MM and again we have a singularity in the scalar kinetic terms at the origin of the

moduli space, where the theory is un-Higgsed.
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In this example we have learnt one more general lesson: the parametrization in terms of
the independent gauge-invariant operators is very useful to characterize the moduli space of
supersymmetric vacua and to describe the corresponding low-energy effective theory. This
is another instance of how the symmetries — in this case the spontaneously broken gauge
symmetry together with the unbroken gauge symmetry — constrain low-energy effective

theories.

¢ Exercise. In the Ny = 1 example described above, work out the mass of the photon

at a generic point in the moduli space and check that it depends on the VEV of m.

¢ Exercise. Consider the purely matter theory defined by K = QQ, W = %mQ?
Determine whether there are supersymmetric vacua and, if so, compute the mass spectrum

of the field fluctuations around them.

8.2 Supersymmetry breaking
Spontaneous supersymmetry breaking and the Goldstino

We discuss spontaneous supersymmetry breaking and prove the corresponding Goldstone
theorem, showing the existence of a massless fermion field (the Goldstino) — see Bertolini’s
lectures, Chapter 7, pages 122-125.

There are two different ways one can obtain breaking of supersymmetry in a vacuum: by
giving a vev to one (or more) F-term, or to one (or more) D-term. Let us discuss two simple

models illustrating these different mechanisms.

F-term breaking: O’Raifeartaigh model

Assume the gauge group has no U(1) factors or anyway the Fayet-Iliopoulos parameters
&% vanish. Susy will necessarily be broken if no extrema of the scalar potential satisfy the
F-term and D-term conditions. As long as the superpotential 7 (®%) has no linear term,
(¢") = 0 will always be a supersymmetric vacuum. Hence let us assume that there is a linear
term in the superpotential, W = a;®* + . ... For this to be gauge invariant, we need that the
representation of the gauge group under which ®* transforms contains at least one singlet.
As a concrete example of this mechanism, we can take a model with canonical Kahler

potential, and superpotential given by

1
W = 5hch% +m® Py — p2X | (8.13)

47



where in this example the chiral superfields X, ®;, &, are all singlets of the gauge group.

The equations for the auxiliary fields F' are:

1
Fx = Shéi —

T2
Fy = hagy + mos |

Clearly the first and the third equations cannot vanish simultaneously, hence there are no

supersymmetric vacua. The scalar potential is

V - ‘Fx‘z + |F1|2 + ’F2|2
= 306t — 1°[° + [hady + mol* + [men | (8.15)

For |u| < |m/, it has a minimum in

(1) = (¢2) =0, (x) = const, (8.16)

so we have infinitely many non-supersymmetric degenerate vacua, in which the scalar po-
tential takes the value (V) = |u?|?.

Let us look at the classical mass spectrum around the susy breaking vacua. The full
chiral superfield X remains massless. The massless fermion mode 1 x plays the role of the
Goldstino (indeed the only non-vanishing F-term in the vacuum is Fy, so ¥ oc (Fx)tx).
The real scalar |z| is the modulus parameterizing the classical moduli space, while the phase
r = €“|z| can be seen as the Goldstone boson associated with the spontaneous breaking of
the R-symmetry in the vacuum (indeed the model has an R-symmetry under which X has
R-charge 2; since this takes a VEV, it breaks the R-symmetry spontaneously). All other
fields have a non-vanishing mass in the vacuum, and one can check that the fermion and
boson masses are different functions of the parameters h, u,m and of the VEV =z, so the
spectrum is manifestly non-supersymmetric.

Classically we have a moduli space of vacua, as x can take any constant VEV. However
we should keep in mind that these are susy breaking vacua, so generically they will not be
protected against quantum corrections. One can indeed check by computing the Coleman-
Weinberg potential that the quantum corrections lift the flat direction and leave just the

vacuum in x = 0. [For details see Bertolini’s lectures, pp. 137-139.]

¢ Exercise. Compute the full mass spectrum for the field fluctuations around the non-

supersymmetric vacua above. Check that the boson and fermion masses are different, as
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expected since supersymmetry is broken. Notice that however one has the relation

STIMQEZmS—ZZm%/QzO , (8.17)

where mg denotes the scalar field masses while m;/, denotes the spin 1 /2 field masses.
This identity is called the supertrace formula and (after adding the contribution of vector
fields) holds when supersymmetry is preserved (obviously) but also when supersymmetry
is spontaneously broken at tree level as in the present case. Also note that for p = 0
supersymmetry is restored and the masses become equal. [For the answer see Bertolini’s
lectures, pp. 134-135].

D-term breaking: Fayet-Iliopoulos model

A different mechanism for supersymmetry breaking uses the Fayet-Iliopoulos parameters in
the D-terms. Recall that Fayet-Iliopoulos terms can be introduced whenever the gauge group
has U(1) factors.

As an example, let us consider the case where the gauge group is just U(1) and there are
two massive chiral superfields with opposite charge +e and —e:

1 _ —
L=z —Im (T/d20 WaWa) + /d20 4?0 (P4 eV Py +P_e VO +£V)
™

+ (m/d29 O, D+ h.c.) . (8.18)

A supersymmetric gauge transformation acts on the chiral superfields as ®. — et @,
where A is the chiral superfield of gauge parameters. The equations of motion for the
auxiliary fields are:

F:I: = m¢:F )
D=2 [2 (19s ~10-1%) +¢] . (8.19)

Because of the shift in the D-term due to the Fayet-Iliopoulos parameter &, the first and the
second line cannot vanish separately, hence any extremum of the scalar potential must break
supersymmetry. Notice that although the presence of the Fayet-Iliopoulos parameter in the
D-term is crucial, this mechanism for supersymmetry breaking also requires the equation
from the F-term.

The scalar potential can be written as:
1 2
V=2 e (80P — lo-P) + €+ m? (1P + 16 P)

=18+ (m* = 1e@) |6 I” + (m? + 3e8) 64 + 3¢ (Jo: [ = o) . (8.20)
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For m? > %eé , all terms in the potential are non-negative and (¢4) = 0 is a minimum.
In this point, the value of the potential is (V) = 552; as long as & # 0, this is positive,
confirming that supersymmetry is broken. On the other hand, since {(¢1) = 0, there is no
Higgs mechanism taking place and the gauge symmetry is preserved. Notice that in this
case the F-term in (8.19) vanishes and the source of supersymmetry breaking is entirely in
the D-term D = —%5. One then speaks of pure D-term breaking. Correspondingly, the
Goldstino mode is identified with the photino A (namely, the fermion in the U(1) vector

supermultiplet), because (Fy) = 0 and 1% o (D).

¢ Exercise. Consider the case m? < %ef . Show that the potential is extremized for
non-zero (¢_). This implies that the Higgs mechanism takes place and both supersymmetry
and gauge symmetry are broken in the vacuum. Check that both the F-term and the
D-term get a VEV; in this case one speaks of mizred D-term and F-term breaking. By
computing the fermion mass matrix explicitly, you can check that the Goldstino mode is
Y% oc (D)X + (F} )1, For details see Bertolini’s lectures, section 7.5.
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