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Since the Hamiltonian density has the physical meaning of an energy density
it could have been computed alternatively, in the Lagrangian formalism, in terms
of the canonical energy-momentum tensor associated with the Lagrangian density
(10.12). Indeed, from the definition (8.169), and taking into account that we have
two independent fields ¢ and ¢*, we compute the energy-momentum tensor to be:

1 oL 5 1 oL 56" r (10.49)
N T T R TC I R e '
where
oL 24 * oL 24 p
=C ) = .
0(31 ) KR dong !
Substituting in (10.49) we find:
* * E
T, = C(au,d) v + 9,9 a,ud)) - nuu;- (10.50)

In particular we may verify the identity between energy density ¢ 7pp and Hamiltonian
density:

.. 1/.. . 2e4 H
Too = — (26" — L) = — (¢*¢ +AVG* -V + |¢|2) -
c c h c
that is
m2C4
hz

H :c/d3xToo :/d3x (nn* + Vo™ - Vo + |¢|2). (10.51)

As far as the momentum of the field is concerned we find

P! :/d3x (¢3*af¢+q'sa"¢*) =P= —/d3x (TVé +7*Ve*). (10.52)

10.4 The Dirac Equation

In the previous sections we have focussed our attention on a scalar field, whose
distinctive property is the absence of internal degrees of freedom since it belongs
to a trivial representation of the Lorentz group. This means that its intrinsic angular
momentum, namely its spin, is zero.

We have also studied, both at the classical level and in a second quantized setting,
the electromagnetic field which, as a four-vector, transforms in the fundamental
representation of the Lorentz group. Its internal degrees of freedom are described by
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the two transverse components of the polarization vector. At the end of Chap. 6 we
have associated with the photon a unit spin: s = 1 (in units of /). As explained there,
by this we really mean that the photon helicityis I' = 1.

Our final purpose is to give an elementary account of the quantum description
of electromagnetic interactions. The most important electromagnetic interaction at
low energy is the one between matter and radiation. Since the elementary building
blocks of matter are electrons and quarks, which have half-integer spin (s = 1/2),
such processes will involve the interaction between photons and spin 1/2 particles.
It is therefore important to complete our analysis of classical fields by including the
fermion fields, that is fields associated with spin 1/2 particles.

In this section and in the sequel we discuss the relativistic equation describing
particles of spin 1/2, known as the Dirac equation.

10.4.1 The Wave Equation for Spin 1/2 Particles

Historically Dirac discovered his equation while attempting to construct a relativistic
equation which, unlike Klein—Gordon equation, would allow for a consistent inter-
pretation of the modulus squared of the wave function as a probability density. As
we shall see in the following, this requirement can be satisfied if, unlike in the Klein—
Gordon case, the equation is of first order in the time derivative. On the other hand,
the requirement of relativistic invariance implies that the equation ought to be of
first order in the space derivatives as well. The resulting equation will be shown to
describe particles of spin s = %

Let 1% (x) be the classical field representing the wave function. The most general
form for a first order wave equation is the following:

mz—‘f = (—icha'9; + Bmc*)y = H. (10.53)

In writing (10.53) we have used a matrix notation suppressing the index « of ¥ (x)
and the indices of the matrices &', B acting on /* namely o' = (ai)“lg, B=(B).

In order to determine the matrices &', B we require the solutions to (10.53) to
satisfy the following properties:

(1) ¥“(x) must satisfy the Klein—Gordon equation for a free particle which imple-
ments the mass-shell condition:

E2 — |p[2c® = m2c*:

(i) It must be possible to construct a conserved current in terms of »“ whose
0-component is positive definite and which thus can be interpreted as a proba-
bility density;

(iii)) Equation (10.53) must be Lorentz covariant. This would imply Poincaré
invariance.
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To satisfy the first requirement we apply the operator i h% to both sides of (10.53)
obtaining:

5282_1#

5 = (—iche!d; + Bmc?) (—ichal 3; + Bmc®)y, (10.54)

. 1 .. o
o'/ 9;0; = E(oc’oef +a’a’)o; 0, (10.55)
where, because of the symmetry of 9;9;, the term oo 9;0 ; can be rewritten as
If we now require &’ and B to be anticommuting matrices, namely to satisfy:
{ai, ocj} =od'a/ +alal = 28’71; {oci, ﬂ] =0, (10.56)
and furthermore to square to the identity matrix:

ﬁz = (oe")2 = 1 (no summation over i), (10.57)

then (10.54) becomes:

aZwa
—h = (=R miehy, (10.58)
which is the Klein—Gordon equation
2.2
m-c
(l:l + = ) Y =0, (10.59)

where the differential operator is applied to each component of .

Therefore, given a set of four matrices satisfying (10.56) and (10.57), (10.53)
implies the Klein—Gordon equation, as required by our first requirement. Equa-
tion (10.53) is called the Dirac equation. We still need to explicitly construct the
matrices &', B and to show that requirements (i) and (iii) are also satisfied. In order
to discuss Lorentz covariance of the Dirac equation, it is convenient to introduce a
new set of matrices

=8, y =Bd, (10.60)

in terms of which conditions (10.56) and (10.57) can be recast in the following
compact form

{y*, v} =2n""1, (10.61)

where, as usual, i, j = 1,2,3 and u,v = 0, 1, 2, 3. In terms of the matrices y*
(10.53) takes the following simpler form®:

> For the sake of simplicity, we shall often omit the identity matrix when writing combina-
tions of spinorial matrices. We shall for instance write the Dirac equation in the simpler form

(iry* 9, — mc) ¥ (x) = 0.
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(ihy" 9, —mcl) ¥ (x) = 0. (10.62)

It can be shown that the minimum dimension for a set of matrices y* satisfying
(10.61) is 4. Therefore the simplest choice is to make the internal index « run over
four values so that

w;m

o _ Y= (x)
Yo(x) = 03(r) (10.63)

Y (x)

belongs to a four-dimensional representation of the Lorentz group.

It must be noted that although the Lorentz group representation S(A) acting on
the “vector” i has the same dimension as the defining representation A = (A*)),
the two representations are different. In our case ¥ is called a spinor, or Dirac
field, and correspondingly the matrix S* g belongs to the spinor representation of the
Lorentz group (see next section).® This representation will be shown in Sect. 10.4.4
to describe a spin 1/2 particle. This seems to be in contradiction with the fact that i
has four components, corresponding to its four internal degrees of freedom, which
are twice as many as the spin states s, = i% of a spin % particle. We shall also prove
that if we want to extend the invariance from proper Lorentz transformation SO(1, 3)
to transformations in O(1, 3) which include parity, that is including reflections of
the three coordinate axes, all the four components of v are needed.

It is convenient to introduce an explicit representation of the y-matrices (10.61),
called standard or Pauli representation, satisfying (10.61):

o_ (1 0 , (0 o .
v —(0 ) V= o) (=123 (10.64)

where each entry is understood as a 2 x 2 matrix

{0 0) (10
0=(0 0)’ 12_(0 1)'

The o/ matrices are the Pauli matrices of the non-relativistic theory, defined as:

1 (0 1Y, o (0 =i\, 3 (1 O
o _(1 0), o _(i 0), o _(0 _1). (10.65)

We recall that they are hermitian and satisty the relation:
olol =81, +ieika", (10.66)

which implies

6 As mentioned in Chap.7 the spinor representation cannot be obtained in terms of tensor repre-
sentations of the Lorentz group.
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Tr(o'o’) =28Y; {oj,0;} =28;12; [0, 07] =2iejro". (10.67)

The matrices &, B read:

i (0 oY . (1, 0
oz_(ai 0), /3_(0 _12). (10.68)

Using the representation (10.64), the Dirac equation can be written as a coupled
system of two equations in the upper and lower components of the Dirac spinor
Y% (x). Indeed, writing

1 1
Yo (x) = (i(é))) o(x) = (zz); X () = (;2) (10.69)

where ¢(x), e x (x) are two-component spinors, the Dirac equation (10.62) becomes

: 1, 0 0 0 o'\ d (12 0 AN
{lhc[(o _12)@4-(_0_1' 0)@]—1’”6' 0 12 X = 0.

(10.70)

The matrix equation(10.70) is equivalent to the following system of coupled
equations:

a
ihggo = —ihco - Vy + mc?o, (10.71)
., 0 . ’
lhax = —ihco - Vo —mc“y, (10.72)

where 0 = (o) denotes the vector whose components are the three Pauli matrices.
The two-component spinors ¢ and x are called large and small components of the
Dirac four-component spinor, since, as we now show, in the non-relativistic limit,
x becomes negligible with respect to ¢.

To show this we first redefine the Dirac field as follows:

U= e (10.73)

so that (10.62) takes the following form:
. J 2 /_ i Y 2 /
lhE +mc” )Y = |ca' (—ihod;) + Bmc” |

The rescaled spinor ¢/ is of particular use when evaluating the non-relativistic limit,
since it is defined by “subtracting” from the time evolution of ¥ the part due to its
rest energy, so that its time evolution is generated by the kinetic energy operator only:
H — mc?1. In other words iho ' is of the order of the kinetic energy times ¥ and,
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in the non-relativistic limit, it is negligible compared to mc?1/’. Next we decompose
the field ¥’ as in (10.69) and, using (10.68), we find:

a
ihggo =co - Py, (10.74)

ad
(ihE + 2mc2) X = co - Py, (10.75)

where we have omitted the prime symbols in the new ¢ and . In the non-relativistic
approximation we only keep on the left hand side of the second equation the term
2mc? x, so that

1
X = —0 - Pg. (10.76)
2mc

Substituting this expression in the equation for ¢ we obtain:

0 1 K2
ih—q@ = —p?p = —— V30, 10.77
Nl TP T T (10.77)

where we have used the identity:
A A ~ 2
B-0)(P-0)=Ipl” = —1"V?, (10.78)

which is an immediate consequence of the properties (10.66) of the Pauli matrices.

Equation (10.77) tells us that in the non-relativistic limit the Dirac equation
reduces to the familiar Schroedinger equation for the two component spinor wave
function ¢. Moreover, from (10.76), we realize that the lower components y of the
Dirac spinor are of subleading order O (%) with respect to the upper ones ¢ and there-
fore vanish in the non-relativistic limit ¢ — oo. This justifies our referring to them
as the small and large components of ¥/, respectively. We also note that in the present
non-relativistic approximation, taking into account that the small components x can
be neglected, the probability density ¥y = ¢T¢ + xTx reduces to ¢ ¢ as it must
be the case for the Schroedinger equation.

10.4.2 Conservation of Probability

We now show that property (i7) of Sect. 10.4.1 is satisfied by the solutions to the Dirac
equation, namely that it is possible to construct a conserved probability in terms of
the spinor ¥*. Let us take the hermitian conjugate of the Dirac equation (10.62)

—ihd Ty —mey’ = 0. (10.79)

We need now the following property of the y*-matrices (10.63) which can be easily
verified:
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oyt =iyl (10.80)

Multiplying both sides of (10.79) from the right by the matrix ¥? and defining the
Dirac conjugate \r of i as

¥(x) =)y’
we find:
—ihd, yy"* —mey =0,

where we have used (10.80). Thus the field v/ (x) satisfies the equation:

- <~
Y (x)(ih o py" +mec) =0, (10.81)
where, by convention
_ < _
Yo, =0,Y.

Next we define the following current:
JH =yt (10.82)

and assume that J" transforms as a four-vector. This property will be proven to
hold in the next subsection. Using the Dirac equation we can now easily show that
0, J# =0, thatis J# is a conserved current:

B J™ = D)y Y + Ty = 0 uy U + Pyt
mc - mc -

Note that the O-component p = J° = Ty of this current is positive definite. If
we normalize ¢ so as to have dimension [L—3/2], then o has the dimensions of
an inverse volume and therefore it can be consistently given the interpretation of a
probability density, the total probability being conserved by virtue of (10.83). The
second requirement (ii) is therefore satisfied.

10.4.3 Covariance of the Dirac Equation

We finally check that Dirac equation is covariant under Lorentz transformations, so
that also the third requirement of Sect. 10.4.1 is satisfied

Lorentz covariance of the Dirac equation means that if in a given reference frame
(10.62) holds, then in any new reference frame, related to the former one by a Lorentz
transformation, the same equation should hold, although in the transformed variables.
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Let us write down the Dirac equation in two frames S” and S related by a Lorentz
(or in general a Poincaré) transformation:

(ihy"d,, —mc) ¥'(x") =0, (10.84)
(ihy“au — mc) Y(x) =0, (10.85)
where ), = a;?w and x"* = A*,x".

We must require (10.84) to hold in the new frame S’ if (10.85) holds in the original
frame S.

Let S = (§%g) = S(A) denote the matrix D(A) = (D%g) in (7.47) representing
the action of a Lorentz transformation A on the spinor components. A Poincaré
transformation on % (x) is then described as follows:

vl () =S¥y (x), (10.86)

where, as usual, x’ = Ax — xo. We use a matrix notation for the spinor representation
while we write explicit indices for the defining representation A*, of the Lorentz
group. Since:

o ox¥ 9
x/  dx'H JxV

= (A7) .8y,
we have:
(ihy"o), —me) ') = (ihy™(A™)", 8, = me) SYyx) =0.  (10.87)
Multiplying both sides from the left by S~! we find:
[ih(A‘l)”M (S_ly“S) 3, — mc] ¥ (x) = 0. (10.88)
We see that in order to obtain covariance, we must require
(AT, SIS =yY = SThyVs = AVt (10.89)
In that case (10.88) becomes:
(ihy"d, —mc) Yy (x) =0,

that is we retrieve (10.85). In the next subsection we shall explicitly construct the
transformation S satisfying condition (10.88). We then conclude that Dirac equation
is covariant under Lorentz (Poincaré) transformations.

We may now check that the current J* = ¥y introduced in the previous
subsection transforms as a four vector. From (10.86) we have, suppressing spinor
indices
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V) =Sy =y (08T, (10.90)
so that

Uy () = Ty 08Ty rsy (x) = v (0sTyO)yisy,  (10.91)

where we have used the property ()/0)2

following relation holds:

= 1. As we are going to prove below, the

y087y0 = 51, (10.92)
In this case, using (10.89), (10.91) becomes

Uy () = Y ) STy ESY = A0y Y (x), (10.93)

which shows that the current J* transforms as a four-vector.

10.4.4 Infinitesimal Generators and Angular Momentum

To find the explicit form of the spinor matrix S(A) we require it to induce the
transformation of the y-matrices given by (10.89). Actually it is sufficient to perform
the computation in the case of infinitesimal Lorentz transformations.

We can write the Poincaré-transformed spinor v/ (x”) in (10.86) as resulting from
the action of a differential operator O(4 ), defined in (9.101):

YU) = O ¥ () = S¥p9P (x), (10.94)

The generators JPo of O(A ,xo) are expressed, see (9.102), as the sum of a differential

operator MPe acting on the functional form of the field, and a matrix X£°? acting
on the internal index « (which coincide with (—ih) times the matrices (Lp")% in
(7.83)). These latter are the Lorentz generators in the spinor representation:

S(A) = 270" (10.95)
and satisfy the commutation relations (9.103):

[Z1, 207 ] = il (P £H7 + O£ — TV — "7 TRP) . (10.96)
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We can construct such matrices in terms of the y* ones as follows:

h

THY = —50‘“’, (10.97)
where the oY matrices are defined as:
ot = %[)/“, a) — (10.98)

Using the properties (10.61) of the y*-matrices, the reader can verify that X"V
defined in (10.97) satisfy the relations (10.96). The expression of an infinitesi-
mal Lorentz transformation on v (x) follows from (7.83), with the identification
(L) 5 = £(5P7) 5 = =L (0P%)%:
i A
Sy (x) = 2—h59ponUW(X)
1

= 5050 [—%ap“ +xPo° — x"ap] ¥ (x), (10.99)

where we have adopted the matrix notation for the spinor indices and used the
identification:

A ~ _ h
‘]/)O' = PO + Ep(f = —lh(Xpao— —.Xgap) - 50’[00. (10100)

To verify that the matrices £ defined in (10.97) generate the correct transformation
property (10.89) of the y* matrices, let us verify (10.89) for infinitesimal Lorentz
transformations:

1
AFy % 8 2800 (LP7), = 8 + 80",

S(A) ~ 1 iaepaa”, (10.101)

where we have used the matrix form (4.170) of the Lorentz generators LF° =
[(LP9)¥,] in the fundamental representation: (LF7)*, = nPH§] — noHsh.
Equation (10.89) reads to lowest order in 66:

(1 + %wpgap“) 128 (l - %3%0’”’) = 7"+ 005 (LP7)y .

The above equation implies:
%["paa yHl = (LPOYy” = PPy —nHy?, (10.102)

which can be verified using the properties of the y#-matrices. Having checked (10.89)
for infinitesimal transformations, the equality extends to finite transformations as
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well, since the latter can be expressed as a sequence of infinitely many infinitesimal
transformations.

As far as (10.92) is concerned, from the definition (10.97) we can easily prove
the following property:

in ih
yO(zro)iyl = Zyo[yp, yo1iy? = ZJ/O[(VO)T, (") 1y°

in in
= I[VO(V")TVO, yoyP) Ty = 1=

Let us now compute the left hand side of (10.92) by writing the series expansion of
the exponential and use the above property of X#V:

e}

1 I " 1 I "
0¢f.,0 0 pot 0 Ospot,.,0
S = E ———0,:= = E —{——0 >
y=y 4 |:n:0n!( 2K P° )i|}/ nzon!( 2h po¥ )/)

= exp (_2l_h9pay02pdfy0) = exp (—zl—thGEp“) =51

(10.103)

This proves (10.92). .
In terms of the generators J P9 of the Lorentz group we can define the angular
momentum operator J = (J;) as in (9.106) of last chapter:

R |
Ji = —seijp " = Mi + T,

A

o 1 ,
M; =€k pl; o= —Eeijszk, (10.104)

where, as usual M = (M ;) denotes the orbital angular momentum, while we have
denoted by ¥ = (X;) the spin operators acting as matrices on the internal spinor
components. Let us compute the latter using the definition (10.97) of X#":

Y= —EéijkEJ = Zeijkﬁj =3 ( 0 O_i) ) (10.105)

The above expression is easily derived from the definition of ¢’/ and the explicit
form of the y*-matrices:

l]_l_ i j __i [O’i,O'j] 0 . _ ijk Uk 0
ot =R yil==5 0 6iei) T Lo ok )

where we have used the properties (10.67) of the Pauli matrices and the relation
€j pelkt = 28?. For a massive fermion, like the electron, ¥ = (X;) generate the spin
group G = SU(2), see Sect. 9.4.1, which is the little group of the four-momentum
in the rest frame Sy in which p = p = (mc, 0). In Sect.9.4.2 we have shown that
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Iz = — Wu WH /(m?c?), i.e. the spin of the particle, is a Poincaré invariant quantity.
In our case, using (10.105), we have:

3
112 = W2s(s + D1 = thl, (10.106)

from which we deduce that the particle has spin s = 1/2, namely that the states
|p, r) belong to the two-dimensional representation of SU(2), labeled by r. The
matrix R(A, p) in(9.112) is thus an SU(2) transformation generated by the matrices
s; = ho;j /2, see Appendix F:

i .
R(A, p) = exp (ﬁQ’si) , (10.107)
where, if A were a rotation, 8' would coincide‘ with the rotation angles, and thus be
independent of p, whereas if A were a boost, ' would depend on p and on the boost
parameters.

Note that, in the spinorial representation of the Lorentz group, which acts on the

index o of ¥ (x), a generic rotation with angles 6 is generated by the matrices %;
in (10.105) and has the form:

oo Lpls;
_ igiy, [ er” 0 _(S@®) 0
S(AR) =en _( 0 e£9i5i)_ ( 0 S@®) ) (10.108)

i i 0 A 0
S@) = en?S = cos (5) +i0 -0 sin (5) , (10.109)

where 0 = (0'),6 = |0 and 0 = 0 /6. Equation (10.109) is readily obtained along
the same lines as in the derivation of the 4 x 4 matrix representation of a Lorentz
boost in Chap. 4. Equation (10.108) shows that, with respect to the spin group SU(2),
the spinorial representation is completely reducible into two two-dimensional rep-
resentations acting on the small and large components of the spinor, respectively.
Moreover we see that a rotation by an angle 6 of the RF about an axis, amounts to a
rotation by an angle 6/2 of a spinor.

If the particle is massless, R is an SO(2) rotation generated by the helicity operator
I' in the frame in which the momentum is the standard one p = p. Choosing’
p=(E,0,0,E)/c,I = ¥3and

R(A, p) = exp (%eg) , (10.110)

Finally we may verify that the spin X does not commute with the Hamiltonian, i.e.
it is not a conserved quantity. Indeed, the expression of the Hamiltonian given in
(10.53), namely

7 Note that, with respect to the last chapter, we have changed our convention for the standard
momentum of a massless particle. Clearly the discussion in Chap.9 equally applies to this new
choice, upon replacing direction 1 with direction 3.
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2 A
. in 2_ s 2_ [ mc cp-o
H = —icha'd; + Bmc” = ca' p; + Bmc (cf)~6 _mcz)’

where we have used the explicit matrix representation (10.68) of &', 8. Using for
¥ the expression (10.105) we find:

0 Gkijaiﬁj

k1 _ - o
[H, 2 ]_wh(ékijﬁlﬁ/ 0

): ichegijo! pt # 0. (10.111)
We see that, considering the third component X3, the commutator does not vanish ,
except in the special case p! = p? = 0, p> # 0.In general the component of ¥ along
the direction of motion, which is the helicity I', is conserved. This is easily proven
by computing [H, ¥ - p] = [H, X, p'] and using the property that H commutes with
p', so that, in virtue of (10.111), [H, X; p'] = [H, X;1p" = 0.

Similarly also the orbital angular momentum is not conserved since, if we compute
[H, M;] and use the commutation relation [, pjl= ih8§., we find:

[H, My] = ei;[H, 2197 = ceija’[pe, #'1p7 = —ichewjo’ pi.
Summing the above equation with (10.111) we find:
[H, Ji] = [H, My + Sx] = —ichegja’ p/ + ichegijo’ pl =0,

namely that the total angular momentum J = M + X is conserved.

So far we have been considering the action of the rotation subgroup of the Lorentz
group on spinors. We have learned in Chap. 4 that a generic proper Lorentz transfor-
mation can be written as the product of a boost and a rotation:

S(A) = S(AB)S(AR). (10.112)

Let us consider now the boost part. Lorentz boosts are generated, in the fundamen-
tal representation, by the matrices K; defined in Sect.4.7.1 of Chap.4. To find the
representation of these generators on the spinors, let us expand a generic Lorentz
generator in the spinor representation:

I v I 0i I i i i i
ﬁewz = }—_LGO,-E + %0,-2 = 1K'+ 7—19,{3 , (10.113)
whqre, as usual, 8, = —¢; ijﬂ‘ /2 while A; = 6p;. The boost generators K e
i X%/ h read:
K= 1;/0)/" _ Ly (10.114)
2 2

A boost transformation is thus implemented on a spinor by the following matrix

i

S(Ap) = efh =" — iK' (10.115)
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The above matrix can be evaluated by noting that (A; K)> = —A; Ay y/ /4 = A2 /4,
where A = |A| and we have used the anticommutation properties of the y'-matrices.
By using this property and defining the unit vector A=l /A the expansion of the
exponential on the right hand side of (10.115) boils down to:

A A\ -
S(Ag) = cosh (5) 1+ sinh (5) M. (10.116)

From the identifications cosh(A) = y (v), sinh(A) = y (v)v/c, A= ():,-) =V/v, see
Sect.4.7.1 of Chap. 4, we derive:

2
S(Ap) =YWL Ly =te (10.117)
2 2 v

It is useful to express the boost A, which connects the rest frame Sy of a massive
particle to a generic one in which p = (p*) = (Ep/c, p). In this case we can write
y(v) = E/(mc2), v/c = pc/Ep and (10.117), after some algebra, becomes:

— 1 2 0y.,0
S(Ap) = (ppy” +mcy?)y
\/2m(mcz+Ep)
_ 1 (p° + me)1n p-o
2m(mc= + Ep)

10.5 Lagrangian and Hamiltonian Formalism

The field equations of the Dirac field can be derived from the Lagrangian density:
he - . _
L= i (VY0 (x) — 3P ()Y P (x)) = m* P ()Y (x).  (10.119)
Indeed, since

L — —iE P (x)
00,0 27 ’

we find

oL oL
- —_— — / 123 _ —
G (aa,u;(x)) 0% (ihy"0, —mel) ¥ (x) =0,  (10.120)

that is, the Dirac equation.
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In an analogous way we find the equation for the Dirac conjugate spinor ¥ (x):

oL oL - ) «
5y )~ (W) =0 & J ) (iy" B+ mel) =0, (10.121)

We note that the Lagrangian density has, in addition to Lorentz invariance, a further
invariance under the phase transformation

V(X)) — Y (x) = e Y x), v(x) — ¥ (x) =P x). (10.122)

o being a constant parameter. In Sect. 10.2.1, we have referred to analogous trans-
formations on a complex scalar field as global U (1) transformations, the term global
refers to the property of o of being constant. This is indeed the same invariance
exhibited by the Klein—Gordon Lagrangian of a complex scalar field and leads to
conservation of a charge according to Noether theorem.

Let us compute the energy-momentum tensor

1 L _ oL
v _ | "™ au % =
! _c[aavwma VO I S T T E]
— % [1% (vy oty — o gy y) — nﬂ”c] ) (10.123)

We observe that the Lagrangian density is zero on spinors satisfying the Dirac equa-
tion. We may therefore write

TVW = zg (py'ory —at gy y). (10.124)

This tensor is not symmetric. We can however verify that the divergences of 7"V
with respect to both indices vanish:

3, T"" =0, T"" =0, (10.125)

The latter equality is a consequence of the Noether theorem, being w the index of
the conserved current. As for the former, it is easily proven as follows:

AT =i (Buly 3y + iy Oy — Oy — 9,0y 8"y) =0,

where we have used the Klein—-Gordon equation for ¢ and . Using property (10.125)
we can define a symmetric energy momentum-tensor ®*" simply as the symmetric
part of THV:

1
MY = E(TM + T, (10.126)
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since (10.125) guarantee that 9, @"" = 0. The four-momentum of the spinor field

PH = / d3xT",
1%
has the following form
. h 3 7.0 7.0
Pl=iz [ dx (w My — gy w), (10.127)
\%
while the field Hamiltonian H = ¢p° reads
N R
H=i3 dx(w i — 4 w). (10.128)
1%

Using the Dirac equation and integrating by parts, we can easily prove that the right
hand side is the sum of two equal terms:

ih/ BPxyyOy = —ihc/ XUy v —mcz/ Xy
|4 %4 \%
= ihc/ d3X1,/_/yi8,-1/r —mcz/ d3X1/_/w = —ih/ d3x1ﬁy01/'r,
\%4 |4 %

so that the Hamiltonian can also be written in the following simpler form:

H= ih/‘/d3wag'b. (10.129)

Let us now compute the conjugate momenta of the Hamiltonian formalism:
7(x) = 358 = igw(x), (10.130)
7l (x) = % = —igw(x). (10.131)

We note that from these equations it follows that the canonical variables 7, v, al, 1//T
are not independent: w7 o< Y, w o< 7. In view of the quantization of the Dirac field,
we need to deal with independent canonical variables. It is useful, in this respect, to
redefine the Lagrangian density in the following way:

L = ihcy (x)yH 8,0 (x) — me? g (x) P (x). (10.132)

The reader can easily verify that the above expression differs from the previous
definition (10.119) by adivergence. We then define, as the only independent variables,
the components of ¥ (x), so that the corresponding conjugate momenta read
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2oy = X it o, (10.133)

Y

From the canonical Poisson brackets (8.225) and (8.226) and the above expression
of between 7 (x), we find:

[y n wjo.n) = -8y, (10.134)
v, vPe. 0} = {wicn viw.o]=o. (10.135)

It is convenient to rewrite the Hamiltonian H in (10.129) using Dirac equa-
tion (10.53):

H :ih/ d>xy T :/ d>xy T [—ihca' 9 + mc? Bl (10.136)
1% \%

The reader can verify that the Hamiltonian density in the above formula can be
written in the form:

H=mp® — L. (10.137)

We can also verify that the Hamilton equation

SH
syt

coincides with the Dirac equation

) = _ [—ihcaiai + mc2ﬂ} v, (10.138)

il = (—ihco' 9; + mc?B).

10.6 Plane Wave Solutions to the Dirac Equation

We now examine solutions to the Dirac equation having definite values of energy
and momentum. A spinor field with definite four-momentum p = (p*) and spin r,
must have the general plane-wave form given in (9.113):

Yp.r(x) = cpw(p. et PXE) = cLu(p, r)e FP7, (10.139)

where w(p, r) is a four-component Dirac spinor and ¢, a Lorentz invariant normal-
ization factor, to be fixed later. Inserting (10.139) into (10.62), and using the short
hand notation p = y* p,,, we find that the generic spinor w(p) satisfies the equation
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(p—mec)w(p,r)=0. (10.140)

where pH* = (%, p) . If we decompose w(p, r) into two-dimensional spinors as in
(10.69) and use the representation (10.64) of the y-matrices (10.140) becomes:

E _ —o -
( c —me ~0P ) ("’) — 0. (10.141)
o-p —L—mc X
We have shown that each component of i/ (x) is in particular solution to the Klein—

Gordon equation (10.59) which implements the mass-shell condition. This can be
also verified by multiplying (10.140) to the left by the matrix ( p 4 mc):

(p+me)(p—me)w(p,r) = (p*+me p—me p—m*cHw(p,r) = 0.

Using the anti-commutation properties of the y*-matrices we find

1
=y pupy = ="y + v v pupy = 1" pupy = p2, (10.142)
2
which implies
(B +me)(p—meyw(p,r) = (p* —m*cHw(p,r) =0, (10.143)

namely the mass-shell condition. As noticed earlier, the Klein—-Gordon equation
contains negative energy solutions besides the positive energy ones:

E2
— =p? +m*c? = E = £E, = £/ |p[2c? + m2c. (10.144)
C

The problem of interpreting such solutions, as already mentioned in the case of the
complex scalar field, will be resolved by the field quantization which associates them
with operators creating antiparticles. We write the solutions with E = +FE in the
following form:

¥ (@) = cpw((Ep/e, p) ek P B — ¢ u(p, rye i,

Vo (0 = cpw((~Ep/c, p). rer ®XED = ¢ u(Ep/c, —p). r)et PXER),

where we have defined u(p, r) = w((%, p), r), v((ﬂ, —p), r) = w((—%, p), r).

c

. . 2
We shall choose the normalization factor ¢, to be: ¢, =,/ %. Note that the expo-

nent in the definition of wl(,;) acquires a Lorentz-invariant form if we switch p into
—p- We can then write:

c2

Epvu(p, F)e” hPE, (10.145)

Y (x) =
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2

C (p. e P (10.146)
EpV p’ ’ ’

v, () =

In the above solutions we have defined p = (p*) = (%, p) so that (10.146)
describes a negative-energy state with momentum —p, v(p,r) = w(—p, ).

The general solution to the Dirac equation will be expanded in both kinds of
solutions, and have the following form:

i IR ) )
e = [ Gt 2 (@I +dp v )

where ¢, d are complex numbers representing the components of ¥ (x) relative to
the complete set of solutions wé,};) (x). By changing p into —p in the integral of the
second term on the right hand side, we have:

e +) =)
Y () = / ) (e NP @ +d@. v, )

B a’p  [mc?
2rh)3\ Ep

2 . .
U3 (. rutp. ne 52 + d. ry*u(p. et ™).
= (10.147)

We need now to explicitly construct the spinors u(p, r), v(p, r). Beingu(p,r) =
w(p,r)and v(p,r) = w(—p,r), the equation for u(p, r) is the same as (10.140),
while the one for v(p, r) is obtained from (10.140) by replacing p — —p:

(p—mcyu(p,r)=0; (p+mc)v(p,r)=0. (10.148)

The Lorentz covariance of the above equations implies that S(A)u(p, r) and S(A)v
(p, r) must be a combination of (A p, s) and v(A p, 5),® with coefficients given by
the rotation R(A, p)*, of (10.107), or (10.110) for massless particles, according to
our discussion in Sect.9.4.1:

S(Mu(p,r) = R(A, p)- u(Ap, r’)

, (10.149)
S(A)U(P’ I") = R(Av p):: U(AP’ I"/).

These are nothing but the transformation properties derived in (9.118). In the frame
So in which the momentum p is the standard one p, u(p, r) and v(p, r) transform

8 This can be easily ascertained by multiplying both (10.148) to the left by S(A). We find that
S(A)u(p, r) and S(A)v(p, r) satisfy the following equations: (S(A)pS(A)_1 —mc)S(A)u(p,r) =
0 and (S(A)/pS(A)_1 + mc)S(A)v(p,r) = 0. Next we use property (10.89) and invari-
ance of the Lorentzian scalar product y - p = yHp, =p to write S(A)pS M =
P =y pl, where p’ = Ap. Thus the transformed spinors satisfy (10.148) with the transformed
momentum p’, and consequently, should be a combination of u(p’, s) and v(p’, s), respectively.



10.6 Plane Wave Solutions to the Dirac Equation 337

covariantly under the action of the spin group. Let us construct them in this frame
and then extend their definition to a generic one.

Consider a massive particle, m # 0, and let us first examine the solutions of the
coupled system (10.141) in the rest frame Sp, where p = 0, namely p = (mc, 0).
Equation (10.141) becomes:

(E — mcz) 0 =0 (E n mcz) x =0. (10.150)
Then we have either

E:Ep:():mcz; 0 #0,x =0,
or
E:—Epz():—mcz; ¢ =0,x #0.

The non zero spinors in the two cases can be chosen arbitrarily. We choose them to

be eigenvectors of o3 :
1 0
@1 = (0); @2 = (1) (10.151)

In Sy we can then write the positive and negative energy solutions in the momentum
representation as

u@0,r) =u(p,r) = (g’); v(0,r) =v(p,r) = (gr) r=1,2, (10.152)

where 0 = (8) . Since the ¢, are eigenstates of o>, the rest frame solutions
u(0, r) and v(0, r) are eigenstates of the operator:
hg3 0
3= 2° , 10.153
( 0 ;%(73) ( )

corresponding to the eigenvalues £h/2.

Once the solutions in the rest frame are given we may construct the solutions
u(p,r)and v(p, r) of the Dirac equation in a generic frame S where p # 0 as
follows:

upry = — LM 0, (10.154)
\/Zm(mc2 + Ep)
o(por) = ——L M 0. (10.155)

\/Zm (mc? + Ep)

The denominators appearing in (10.154) and (10.155) are normalization factors deter-
mined in such a way that the spinors u(p, r), v(p, r) obey simple normalization
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conditions (see (10.168)—(10.169) of the next section). It is straightforward to show
that u(p, r) and v(p, r) satisfy (10.148) by using the properties

(p+me)(p—mec) = (p—mec)(p+ mc)
=p2—m2c2—|—mc p — mc p=p2—m202:0,
(10.156)

which descend from (10.142).
Using the representation (10.64) of the y-matrices and the explicit form of p, we
obtain u(p, r) and v(p, r) in components:

Ep+mc2¢ p-o -
V Tomez Pr A/ 2m(Ep+mc2) g, . (10.157)

N/ 2m(Ep-+mc?) r e Pr

Let us show that the above vectors transform as in (10.149) with respect to
rotations ARg:

Ep—l—mc2

» —EES(0')g
S(ARu(p.r) =" Fu(p.ry = | * g T
4/2m(Ep+mc2)(pr
Ep+mc?
el
S(Qi)p-O'S(Qi)71 , ’ (10158)
A /2m(Ep+mc2) r
where:
o =SO)g = SO 05 = R, 0. (10.159)

Let us now use the property of the Pauli matrices to transform under conjugation by
an SU(2) matrix S(#), 0 = (0'), as the components of a three-dimensional vector
o = (o0;) under a corresponding rotation R(#), see Appendix (F):

S@0) '0:S(0) = R(0);/0; = S(0)0:S@) ' = R(©®) '/ 0;. (10.160)
We can then write:

S@)p-oS@) "' =p- (R(o)—la) —p -0, (10.161)

where p’ = R(0)p. Since Agp = (p°, p’), we conclude that

Ep~|—mc2
2mc? Ps
/

S(AR)u(p,r) :RSV p-o
/2m(Ep+mc?) ¥s

=R u(Agp,s). (10.162)
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A similar derivation can be done for v(p,r). If A is a boost, of the form A =
exp (%wm J Oi), the corresponding representation on the spinors reads S(A) =
exp (%a)o,- EOi). The resulting SU(2) rotation R(A, p), which we are not going to
derive, is the Wigner rotation.

We note that u(p, r) and v(p, r) are not eigenstates of the third component of the
spin operator X3 (10.153) except in the special case of p! = p?> =0, p> # 0. This
can be explained in light of the discussion done in Sect.9.4.1 about little groups.
The solutions u(p, r) and v(p, r), for a fixed p, transform as doublets with respect

to the little group of the momentum p, which we have denoted by Gg,o): The action

of Gg)) on the solutions u(p, r) and v(p, r), according to (10.149), does not affect
their dependence on p, and only amounts to an SU(2)-transformation on the index r.
This group is related to the little group G© = SU(2) of p = (mc, 0), generated by
the =/ matrices as follows: G;O) =A,-SU2)- A;l. This means that its generators
are Elf = S(Ap)El-S(Ap)_]. If instead we act on u(p,r) and v(p, r) by means
of a G© = SU(2)-transformation, it will affect dependence of these fields on p,
mapping it into p’ = (p®, Rp). Therefore, if u(p, r) and v(p, r) are eigenvectors of
23, u(p,r) and v(p, r) will be eigenvectors of Eg.

In Sect.9.4.1 of last chapter, a general method was applied to the construction
of the single-particle quantum states |p, r) acted on by a unitary irreducible repre-
sentation of the Lorentz group. The method consisted in first constructing the states
of the particle |p, r) in some special frame Sp in which the momentum of the par-
ticle is the standard one p, and on which an irreducible representation R of the
little group GO of p acts (p = (mc, 0) and G = SU(2) for massive particles,
while p = (E, E,0,0)/c and GO is effectively SO(2) for massless particles). A
generic state |p, r) is then constructed by acting on |p, r) by means of U(A ), see
(9.111), that is the representative on the quantum states of the simple Lorentz boost
A, connecting p to p: p = A, p. This suffices to define the representative U (A)
of a generic Lorentz transformation, see (9.112). In this section we have applied
this prescription to the construction of both the positive and negative energy eigen-
states of the momentum operators. The role of |p, r) is now played by the spinors
u(p,r),v(p,r), and that of U(A) by the matrix S(A), as it follows by comparing
(10.149) with (9.112). It is instructive at this point to show that the expressions for
u(p,r),v(p,r) given in (10.154) or, equivalently, (10.157), for massive fermions,
could have been obtained from the corresponding spinors u(0, r), v(0, ) in Sp using
the prescription (9.111), namely by acting on them through the Lorentz boost S(A ,):

u(p,r) =SAu0,r); vip,r)=SApv0,r). (10.163)

This is readily proven using the matrix form (10.118) of S(A ) derived in Sect. 10.4.4
and the definition of (0, r), v(0, r) in (10.152). The matrix product on the right hand
side of (10.163) should then be compared with the matrix form of u(p, r), v(p, r)
in (10.157).
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10.6.1 Useful Properties of the u(p, r) and v(p, r) Spinors

In the following we shall prove some properties of the spinors u(p, r) and v(p, r)
describing solutions with definite four-momentum.
e Let us compute the Dirac conjugates of u(p,r) e v(p, r):

i+ me 0
Y
\/Zm(Ep + mc?)
IﬁT + mc 0
4
\/2m(Ep + mc?)
p +mc
\/2m(Ep + mc?)

i(p,r)y=u"(p,r)y® =u’0,r)

=u'(0,r)y%"°

= (0, r) (10.164)

In an analogous way one finds:

—p +mc

v(p,r) =v(0,r) .
\/Zm(Ep + mc?)

(10.165)

Recalling the property (10.156), from (10.164) and (10.165) we obtain the equations
of motion obeyed by the Dirac spinors u(p,r) e v(p,r):

u(p,r)(p —me) =0,

_ (10.166)
v(p,r)(p+mc)=0.

e Next we use the relations:

(p+me)? =2me(p+ mo),

10.167
(p —mc)2 = 2mc(—p + mc), ( )

which follow from (10.142) and the mass-shell condition p2 = m2c?, to compute

u(p,ru(p,r:

2mc

m(Ey + D) u0,r)y(p+mc)u0,r")

u(p,ru(p,r’) =

0
C
= — (¢, 0,0 0
Er a2 000+ mo) g
)

= (pr . (pr/ = 8”,/’ (10168)



10.6 Plane Wave Solutions to the Dirac Equation 341

With analogous computations one also finds:

c

v(p, r)v(p, r') = mﬁ(ﬂ, r)(—p 4+ mc)v(0, r’)
c 0
= (0,0, —¢,)(— 0
£ e 00 e (= p o)
Dy’
= —&,, (10.169)

and moreover

i(p,ryv(p,r') o< i(0,r)(p+me)(=p+me)v(0,r)
=0=1v(p,ru(p,r. (10.170)

Summarizing, we have obtained the relations

u(p,ru(p,r’y =38, =—v(p,rvip,r),
iu(p,ryv(p,r’) =0. (10.171)

e Next we show that:

T ’ Ep

u'(p,rulp,r) = WSV}” > 0, (10.172)
T / Ep

v (p,nv(p,r) = W(Srr/ > 0. (10.173)

Indeed, using the Dirac equation pu = mcu, and up = mcu, we find

0 0
- - my" +my
MT(Pa r)u(p’ I"/) - u(pv ”)VOM(Pa I"/) - U(P’ F)Tu(p’ I"/)
_ pv°+v°p
— I,[(p, I’)Z—M(p, r/).
mc
Using now the property
2E,

py +v B =15, v"} = puly", v"} = 20" py = =,
the last term, can be rewritten as follows:
E, _ E
—2ii(p. ru(p.r') = —8.
mc mc
so that (10.172) is retrieved. Equation (10.173) is obtained in an analogous way.

We conclude that uT(p, ru(p,r’) and vt (p, r)v(p, r’) are not Lorentz invariant
quantities, since they transform as Ej, that is as the time component of a four-vector.
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This agrees with the previous result that J* = yy*1 is a four-vector whose time
component is JO = ¢y > 0.
We can also prove the following orthogonality condition:

u(p, ) v(—p,s) =0, (10.174)

where we have used the short-hand notation u(p,r) = u((Ep/c,p),r),v(p,r) =
v((Ep/c, p), r). To prove the above equation we use the Dirac equation for v(—p, s):
p'v(—p,s) = —mcv(—p, s), where p’ = (Ep/c, —p). We can then write:

¥ - 0 _ 1 0 0 4/
u(p,r)'v(=p,s) =u(p,r)y v(—p,s) = %u(p, r(py” — vy pHv(=p,s)

1 _ . .
= 5 —i(p. N(piv'y® + vy pv(—p, s) = 0.
mc
(10.175)

From property (10.174) it also follows that positive and negative energy states are
represented by mutually orthogonal spinors if they have the same momentum:

T
[wlg“ (x)] ¥ () = 0. (10.176)
Recalling from (10.145) and (10.146) that
YD) = cpup, e FETPV (1) = ¢ u(—p, r)el Eo TP,

from the orthogonality condition (10.174) it indeed follows that

¥ ) = lepPul @, ru(—p, s)eT B = 0. (10.177)
Having fixed the normalization factor ¢, in (10.139) to be "Zl—i, we now observe

that (10.172) and (10.173) represent the right normalization (9.116) of the u and v

vectors in order for the corresponding positive and negative energy solutions wﬁ) (x)
to be normalized as in (9.54):

&) ) 3y () (o () @rh)* :
(v vy ) = [ @xuB @ g (0 = 6" = p)5,.
as the reader can easily verify. Similarly, using the orthogonality condition (10.174),

which applies to the above expression only when p’ = p, we can show that positive
and negative energy solutions are mutually orthogonal:

(2 wi)) = [ dxiep Putp. ) uipl, ek Bt e e

o @rh)383(p —p)en Elu(p, 1) u(—p. ) = 0.
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e Finally we define projection operators A 1 (& p) on the positive and negative energy
solutions:

2

A (p)s =D ulp. N i(p. r)p. (10.178)
i

A(p)p == v(p.r)(p.r)p. (10.179)
r=1

Using the formulae (10.171) we see A+ (p) are indeed projection operators:

A (pu(p,r) =u(p,r); A (pv(p,r) =0, (10.180)

A_(pu(p,r) =0; A_(p)v(p,r) =v(p,r). (10.181)

The explicit form of Ay is immediately derived from (10.167) since they express
the fact that p & mc are proportional to projection operators. Thus we have:

1

Ay(p) = %(ﬁ—knw), (10.182)
1

A—(p) = =5 —(p —mo). (10.183)

10.6.2 Charge Conjugation

We show the existence of an operator in the Dirac relativistic theory which transforms
positive energy solutions into negative energy solutions, and viceversa. One can
prove on general grounds that that there exists a matrix in spinor space, called the
charge-conjugation matrix with the following properties

ClyC=-yl; c'=-c; c'=c™". (10.184)

In the standard representation we may identify the C matrix as

g2
C=ip20 = ( 0 " ) (10.185)

—io
Given a Dirac field 1 (x), we define its charge conjugate spinor ¢ (x) as follows:
v =Cyl (). (10.186)

The operation which maps ¥ (x) into its charge conjugate ¢ (x) is called charge-
conjugation. Let us show that charge conjugation is a correspondence between pos-
itive and negative energy solutions.



344 10 Relativistic Wave Equations

To this end let us consider the positive energy plane wave described by the spinor
u(p, r). Its Dirac conjugate u will satisfy the following equation:

u(p) (p —mc) =0.

By transposition we have

(i p* —me) i (p) =0

If we now multiply the above equation to the left by the C matrix and use the property
(10.184) we obtain

(p+me) Cu’ (p) =0, (10.187)

which shows that charge-conjugate spinor u“(p) = Cu’ (p) satisfies the second
of (10.148) and should therefore coincide with a spinor v(p) defining the negative

energy solution w:,) with opposite momentum —p. Besides changing the value of
the momentum, charge-conjugation also reverses the spin orientation. Going, for
the sake of simplicity, to the rest frame, where a positive energy solution with spin
projection A/2 along a given direction, is described by

u(0,1) = (1,0,0,0)7,

see (10.152), we find for the charge conjugate spinor u¢ = Cy%u* (note that
07 _ ,,0
yo=v0)
u(0,r) = Cy°u*(0,r =1)=(0,0,0, D" =v(0,r =2),

that is a negative energy spinor with spin projection —h/2. In general the reader can
verify that

u(0,r) = €,5v(0, s), (10.188)

where summation over s = 1, 2 is understood, and (€,,) is the matrix iop: €] =
€2 =0,ep=—€ =1
Let us now evaluate u(p, r) using the explicit form of u(p, r) given in (10.154):

0 pF 4+ me
\/Zm(mcz + Ep)
pT + mc J/Ou(ﬂ, r)* _ — p+mc
\/2m(mcz + Ep) \/2m(mcz + Ep)

— p+mc

= €5 v(0,5) =€5v(p, ). (10.189)
\/2m(mc2 + Ep)

u(p,r) = C)/Ou(p, N*=Cy u(0,r)*

- C u(0,r)
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In the above derivation we have used the properties C p’C~! = — p and y0 p* =
A%

We shall see in the next chapter that, upon quantizing the Dirac field, negative
energy solutions Wi;)),r with momentum —p and a certain spin component (up or down
relative to a given direction) are reinterpreted as creation operators of antiparticles
with positive energy, momentum p and opposite spin component. Thus the charge
conjugation operation can be viewed as the operation which interchanges particles
with antiparticles with the same momentum and spin. As far as the electric charge
is concerned we need to describe the coupling of a charge conjugate spinor to an
external electromagnetic field as it was done for the scalar field. This will be discussed
in Sect.10.7. We anticipate that the electric charge of a charge conjugate spinor
describing an antiparticle is opposite to that of the corresponding particle.

10.6.3 Spin Projectors

In Sect. 10.6.1 we have labeled the spin states of the massive solutions to the Dirac
equation by the eigenvalues, in the rest frame, of X3: u(0,r), v(0,r),forr = 1,2
correspond to the eigenvalues +A/2 and — A/2 of X3. This amounts to choosing the
two-component vectors ¢, to correspond to the eigenvalues +1 and —1 of 03. We
could have chosen u(0, r), v(0, r) to be eigenvectors of the spin-component X - n
along a generic direction n in space, |n| = 1. The corresponding eigenvalues would
still be £h/2. Clearly, for generic n, ¥ - n is not conserved, namely it does not
commute with the Hamiltonian, as proven in Sect. 10.4.4. This is not the case if
n = p/|p|, in which case the corresponding component of the spin vector defines
the helicity I' = X - p/|p| which is indeed conserved.

We now ask whether it is possible to give a covariant meaning to the value of
the spin orientation along a direction n. We wish in other words to define a Lorentz-
invariant operator O, which reduces to X - n in the rest frame, namely such that, if
in Sp:

h h
X -mu0,r) = srzu(O, r); (X-nv0,r) = SrEU(O, r), (10.190)
where ¢ = 1, & = —1, in a generic frame S:
h h
O,u(p,r) =8r§u(p,r); O,v(p,r) =8r5v(p,r). (10.191)

Clearly, using (10.163), we must have:
0, =S8SApX -n)S(Ap)_1 =Y .n, (10.192)

where X are the generators of the little group GI(DO) = SU(2), of p.
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We shall however compute O,, in a simpler way, using the Pauli-Lubanski four-
vector W, introduced in Sect. 9.4.2, which, on spinor solutions with definite momen-
tum p*, acts by means of the following matrices:

1
Wy = _§6MVPOEVPPU, (10.193)

It is useful to write it in a simpler way by introducing the matrix > (see Appendix G):

y>=iylyly?y’ = 4l—!ewpay“y”y"y" = (102 %) . (10.194)
Note that y> anticommutes with all the y*-matrices and thus commutes with the
Lorentz generators X/ which contain products of two y*-matrices. From this we
conclude that y° commutes with a generic Lorentz transformation S(A), since it
commutes with its infinitesimal generator.

Using the > matrix the Pauli-Lubanski four-vector (10.193) takes the simpler
form:

1 h h
W, = —Eelwpg (—50“'0) p° = Zewpga‘)ppa
ih s

= SV oup’ = iy’ S p’, (10.195)

where we have used the identity

i
ysauo = _EE,uova'Vp»
given in Appendix G, which can be verified by direct computation, starting from
the definition of y°. Using the Lorentz transformation properties (10.89) of the y*-
matrices, and the invariance of the €,,,,,-tensor under proper transformations, we
can easily verify that W# transforms like the y*-matrices:

S(AWHSA)~ = A+ wY. (10.196)

Let us now introduce the four-vector n*(p) = (n° (p), n(p)) having the following
properties:

2 W ——
n- =ntn, = —1I,
{nﬂp“ _ 0 (10.197)
In the rest frame, p = 0 and E = mc? # 0, the previous relations yield:
n,pt =nE=0=n’=0,
wb (10.198)

n?=n"%—nf>=—-1=|n| =1,
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thatis n, (p = 0) = (0, n). We may now compute the scalar quantity n*W,,:

ih h
nMWM = ?ysalwnﬂpv - ZVS(VMVV - Vvyu)nupu
h h
= —Z)/SQVMVV — 2nu)ntp¥ = —Eysyun“ p. (10.199)

where the property n - p = 0 has been used. In the rest frame p = 0, n* W, becomes:

h . R . h .
(n-W)p =0 =2y 'y)p%y" = —Zmey>yOyint = —Cmeyaln
= —mcX -n, (10.200)
where we have used the property
i_Nos
Y= EV o, (10.201)

which can be verified using (10.194), (10.68) and (10.105). Thus we have found a
Lorentz scalar quantity that in the rest frame reduces ton - X:

1 =0
Op=——n"W, 2= 00 =n.x. (10.202)
mc
In the particular case of n pointing along the z-axis, n = n; = (0,0,0, 1), from
(10.105) we find

h

39 0

_ (203 %3) . (10.203)
2

p=0

Clearly, using the transformation property (10.196) of W# and the Lorentz invariance
of the expression of Oy, in a generic frame S we find

1
Op = ——n "W, = S(A,) 0V S(A,)~", (10.204)
mc

that is if u(0, r), v(0, r) are eigenvectors on X - n, u(p, r), v(p, r) are eigenvectors
on O, corresponding to the same eigenvalues, which is the content of (10.190) and
(10.191).

We can define projectors P, on eigenstates of O, corresponding to the eigenvalues
erh/2 = +xh/2:

P,

i4e20,) =L (146 Shp (10.205)
2 8rh "] 2 ermcy ' '
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In the rest frame the above projector reads:

1 : L+en-o 0
0_1 s\ (L+e
P, _2(1+8r)/ noc,) ( 0 1 8rn-a)' (10.206)

The matrices P, project on both positive and negative energy solutions with the same
spin component along n. Let us now define two operators A ,, A_ , projecting on
positive and negative solutions with a given spin component r, respectively:

Ay u(p,s) =06 u(p,s); Ay,v(p,s)=0,

(10.207)
A_ u(p,s)=0; A_,v(p,s)=23d5v(p,s).

They have the following general form:

(A+,r)a5 =u“(p,rug(p,r); (A—,r)aﬁ = —v*(p, r)vg(p,r), (10.208)

as it follows from the orthogonality properties (10.168) and (10.169). To find the
explicit expression of these matrices in terms of p and n, we notice that they are
obtained by multiplying to the right and to the left the projectors P, on the spin state
r by the projectors A+ on the positive and negative energy states:

1 1
At =A+PrAs = Aii(l ey i) = im(? £ me) (£ ey ),

where we have used the property:

(1 + 8,,%)/5 /zp) (pxmec)=(pLtmc)(1+£ 8ry5ﬂ), (10.209)

which can be easily verified using the fact that p and y anticommute: yp = — pi.

10.7 Dirac Equation in an External Electromagnetic Field

We shall now study the coupling of the Dirac field to the electromagnetic field A,.
To this end, as we did for the complex scalar field in Sect. 10.2.1, we apply the
minimal coupling prescription, namely we substitute in the free Dirac equation

P ph o San, (10.210)
c
that is, in terms of the quantum operator
ihat — ihat + AR, (10.211)
c

In the convention which we adopt throughout the book, the electron has charge
e = —|e| < 0. The coupled Dirac equation takes the following form:
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| ho, + SAM))/“ — me| v (x) =0. (10.212)

Using the covariant derivative introduced in (10.36), (10.212) takes the form
[iky" Dy — me] ¢ (x) =0, (10.213)

Just as in the case of the complex scalar field, the resulting equation is not invariant
under gauge transformations

Au(x) — Ap(x) + 9,0(x), (10.214)

unless we also apply to the Dirac wave function the following simultaneous phase
transformation

Y(x) > P(x)enc?® (10.215)

In connection with the discussion of the meaning of the charge-conjugation oper-
ation, it is instructive to see how the Dirac equation in the presence of an external
electromagnetic field transforms under charge-conjugation. The equation for the
charge-conjugate spinor ¥¢ = CJT = Cy"* is easily derived from (10.212)
and reads:

((ind, - SAM) y* = me) ¥ (x) = 0. (10.216)

We see that ¢ and ¢ describe particles with opposite charge. This justifies the
statement given at the end of Sect. 10.6.2 that antiparticles have opposite charge with
respect to the corresponding particles.” Let us now recast (10.212) in a Hamiltonian
form. Solving with respect to the time derivative, we have:
0 .
iha—l/; - [—c (ihai n EAi) o + Bmc? — eAO] v = Hy, (10.218)
c

where H = H fyee+ Hins, Hfree being given by (10.53) and H;,y = —e(Ag+ A;jat).
In order to study the physical implications of the minimal coupling it is convenient
to study its non-relativistic limit. We proceed as in Sect. 10.4.1. We first redefine
the Dirac field as in (10.73), so that the Dirac equation (10.218) takes the following
form:

(ih% + mcz) v = [—c (ihf),- + SA,-) o + ,3ch — eAO] v

9 We also observe that the Dirac equation is invariant under the transformations

V=Yl Ay —Au (10.217)
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Next we decompose the field ¥’ as in (10.71) (omitting prime symbols on ¢ and x)
and find:

, d 0 ~ e
(zha +eA )go —co - (p . ;A) X, (10.219)

d
(ihg +eA” + 2mc2) X = co - (f) — EA) Q. (10.220)
c

As explained earlier, in the non-relativistic limit, we only keep on the left hand side
of the second equation the term 2mc? x, since the rest energy mc? of the particle is
much larger than the kinetic and potential energies, so that

1 . e
x=2—0-(p——A)<p,
mc C

so that only the large upper component ¢ remains. Substituting the expression for x
into the first of (10.219) we obtain:

(ih% n eAO) 0= ﬁ [a - (f) _ SA)]Z 0. (10.221)

To evaluate the right hand side we note that given two vectors a, b the following
identity holds as a consequence of the Pauli matrix algebra:

(a-o)(b-o)=a-b+ioc-(axDb).
In our case
a=b= (f) — EA) ,
c
but the wedge product does not vanish, since V and A do not commute. We find:
N4 . e .eh eh
(p——A) X (p——A)(p:l—(—AxV—I—V XA)p+i—A x Vg
C C C C
eh

—i "By (10.222)
C

Substituting in (10.221) we finally obtain:
. a(P 1 . e e
ih— =|—[ihV+ -A|"+eV — —s-B|p = Hop, (10.223)
ot 2m c mc

where we have defined, as usual, s = ho /2, and written Ay as —V, V being the
electric potential. Equation (10.224) is called the Pauli equation. It differs from the
Schroedinger equation of an electron interacting with the electromagnetic field by
the presence in the Hamiltonian of the interaction term:
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Hpagn = ——s B = —pi; - B, (10.224)
mc
which has the form of the potential energy of a magnetic dipole in an external

magnetic field with:
s = ——s= g, (10.225)

mc 2mc

representing the electron intrinsic magnetic moment. The factor g = 2 is called the
g-factor and the gyromagnetic ratio associated with the spin, defined as |ug|/|s], is
gle|/(2mc). Recall that the magnetic moment associated with the orbital motion of
a charge e reads

e
Rorbir = ~—M, (10.226)

2mc
M being the orbital angular momentum. The gyromagnetic ratio | g |/|s| = |e|/(mc)

is twice the one associated with the orbital angular momentum. This result was found
by Dirac in 1928.1°
Finally we note that in the present non-relativistic approximation, taking into
account that the small components x can be neglected, the probability density ¥y =
©To + xTx reduces to ¢'¢ as it must be the case for the Schroedinger equation.
Let us write the Lagrangian density for a fermion with charge e, coupled to the
electromagnetic field:

L= (ihcp _ mcz) v (x). (10.227)

The reader can easily verify that the above Lagrangian yields (10.212), or, equiva-
lently (10.213). Just as we did for the scalar field, we can write £ as the sum of a part
describing the free fermion, plus an interaction term L;, describing the coupling to
the electromagnetic field:

L=Ly+ Ly,
Lo =¥ (x) (ihc J— mcz) ¥ (x), (10.228)
Lr=A,(x0)J"x) = eAu )y )y y(x),
where we have defined the electric current four vector J# as:
JH(x) = ej*(x) = e () y" ¢ (x). (10.229)

In Sect. 10.4.2 we have shown that, by virtue of the Dirac equation, J* is a conserved
current, namely that it is divergenceless: 9, J* = 0.

10 We recall that the Zeeman effect can only be explained if g = 2. We see that this value is correctly
predicted by the Dirac relativistic equation in the non-relativistic limit.
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10.8 Parity Transformation and Bilinear Forms

It is important to observe that the standard representation of the y-matrices given
in (10.4.1) is by no means unique. Any other representation preserving the basic
anticommutation rules works exactly the same way. It is only a matter of convenience
to use one or the another. In particular the expression (10.97) of the Lorentz generators
MY in terms of y#-matrices is representation-independent.

In this section we introduce a different representation, called the Weyl represen-
tation, defined as follows:

01 . 0 —oi
0 _ 2. i . .
vo= (12 0 ) V= (O-l 0 )v i=1,2,3. (10.230)

It is immediate to verify that the basic anticommutation rules (10.61) are satisfied.
Defining

ot =1y, —0'); * = (1,0, (10.231)

equation (10.230) can be given the compact form
0 ot
no_
yh = (6“ 0 ) (10.232)

The standard (Pauli) and the Weyl representations are related by a unitary change of
basis:

2 —g7t., M
Ypauli = U yWele'

Decomposing as usual the spinor ¥ into two-dimensional spinors &€ e ¢:

Y= (f) , (10.233)

one can show that, in the Weyl representation, the proper Lorentz transformations
act separately on the two spinors, without mixing them. As we are going to show
below, this means that the four-dimensional spinor representation, irreducible with
respect to the full Lorentz group O(1, 3) becomes reducible into two two-dimensional
representations under the subgroup of the proper Lorentz group SO(1, 3).

To show this we observe that since infinitesimal transformations in the spinor
representation of the Lorentz group are, by definition, connected with continuity to
the identity, they ought to have unit determinant, and therefore they can only belong
to the subgroup of proper Lorentz transformations SO(1, 3).

We can compute, in the Weyl basis, the matrix form of the ¥#V generators:

THY = —go“” = —%:L [v*. 7"] (10.234)
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ih (cHGY — Vol 0
== ( ; g 5%#) (10.235)

and restricting v to space indices we have

1 , h (o 0
e o L A l
Y = 26,Jk2 =3 (O Ui) . (10.236)

The generators X; of rotations S(Ag) have the same form as in the Pauli repre-
sentation. the corresponding finite transformation will therefore be implemented on
spinors by the same matrix S(Ag) in (10.108).
Moreover from (10.100) the spinor representation of the infinitesimal boost gen-
erators JY, are also given in terms of a block diagonal matrix
; .
U S L AL ("" 0 ) . (10.237)
2 2\ 0 —o;

It follows that if we use the decomposition (10.233) a proper Lorentz transformation
can never mix the upper and lower components of the Dirac spinor v. The explicit
finite form of the proper Lorentz transformations in the spinor representation can
be found by exponentiation of the generators, following the method explained in
Chap.7.

A generic proper Lorentz transformation can be written as the product of a rotation
and a boost transformation, as in (10.112). The rotation part was given in (10.108),
while the boost part S(A g) was given in (10.116) in terms of the matrices a’, whose
matrix representation now, in the Weyl basis, is different. One finds that under Ag p
the two two-spinors &, ¢ transform as follows:

0 ~ 0 0 ~ 0
gg[cosa—l—ioﬁsinz}é; ;g[cosi—l—iaﬁsinz]g,
Ap A s A Ap A LA
$—>|:cosh§+o-ks1nh§]§; {—)[coshz—o-Xs1nh§]§,

where 0 = |0]; A = |A|; A = |§—|; 0 = |g%|

The above results refer to proper Lorentz transformations, that is they exclude
transformations with negative determinant: det A = —1. Letus now consider Lorentz
transformations with det A = —1. Keeping A8 > 0, the typical transformation with
det A = —1 is the parity transformation Ap € O(1, 3) defined by the following

improper Lorentz matrix:

1o 0 0

0 -10 O
noo_

00 0 -1
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On the space-time coordinates x* it acts as follows :
x0 = xo; X — —X, (10.239)

that is it corresponds to a change of the orientation of the three coordinate axes.
We now show that A p acts on spinors as follows:

S(Ap) =npy°, (10.240)

where np = +1.
We may indeed verify that

S(Ap) 'y*S(Ap) = Apty”.

which generalizes the general formula (10.89) to the parity transformation. The
above property is readily proven, using (10.240):

SAP)T'YOS(Ap) =y = AP0y,
S(AP)"'Y'S(Ap) =—y' = Aply’. (10.241)

The action of a parity transformation on a Dirac field ¥/ (x) is therefore:

¥ (x) =5 npy O (0, —x). (10.242)

If we take into account that in the Weyl representation the y-matrices are given by
(10.230) and are off-diagonal, we see that the parity transformation A p transforms
& and ¢ into one another:

§—>npx,
[X s npt. (10.243)

This result shows that while for proper Lorentz transformations the representation of
the Lorentz group is reducible since it acts separately on the two spinor components,
if we consider the full the Lorentz group, including also improper transformations
like parity, the representation becomes irreducible and we are bound to use four-
dimensional spinors.

Let us now write the Dirac equation in this new basis. On momentum eigenstates

w(p)e_lﬁp'x it reads:

_ (P’ —p-0)E =met,
(p—mow(p) =0= I(p0+p.o)§ — ek, (10.244)

where we have written w = (&, ¢). For massless spinors m = 0 the above equations
decouple:

P’ —p-o)E=0; P°+p-0);=0, (10.245)
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which will have solutions for p° > 0and p < 0. The above equations fix the
helicity I" of the solution which, as we know, is a conserved quantity and labels the
internal degrees of freedom of a massless particle.!! On the two two-spinors £, ¢,
the helicity is indeed I' = Ap - o /(2|p|) = Fip - o/(2p°): It is positive for negative
energy solutions ¢ and positive energy solutions &, while it is negative for positive
energy solutions ¢ and negative energy solutions &.

In nature there are three spin 1/2 particles, called neutrinos and denoted by
Ve, Vi, Yz, Which, until recently, were believed to be massless.

In next chapter we shall be dealing with the other improper Lorentz transformation
besides parity, which is time-reversal.

10.8.1 Bilinear Forms

Let us now consider the matrix y5, introduced in (10.194). Its explicit form in the
Weyl representation is

5_ . 0,1.23_ L I, 0
v =iy vyt = peupey vyt = (0 _12). (10.246)

Let us investigate the transformation properties of > under a general Lorentz
transformation:

STHA)TYIS(A) = iewpgS_ly“SS_ly”SS_lypSS_ly"S
i / / / /
= e M AN Ly

i
= det(A)ZEMW)U y,u_yvypya

= det(A)y”°. (10.247)
In particular under a parity transformation, being det Ap = —1 we have:
S(AP)'YS(Ap) = =7, (10.248)

that is, it transforms as a pseudoscalar. By the same token we can show that:

S(A) "2 yRS(A) = det(A)AM, (¥ yY). (10.249)

Il Recall that helicity is invariant under proper Lorentz transformations and labels irreducible
representations of SO(1, 3) withm = 0.
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so that y°y* transforms as an pseudo-vector, that is as an ordinary vector under
proper Lorentz transformations, and with an additional minus sign under parity.
Defining

yH [y*, y"],

N | —

we verify that y#*" transforms an antisymmetric tensor of rank two:
1
SIS = S [STIs STy IS = AL ALY (10250

while ysy " transforms like a pseudo- (or axial-) tensor, that is with an additional
minus sign under parity as it follows from (10.248):

S(A) " ysy™S(A) = det(A)AK A%y yH. (10.251)

These properties allow us to construct bilinear forms in the spinor fields y» which
have definite transformation under the full Lorentz group.
Indeed if we consider a general bilinear form of the type:

Y ()M (x) (10.252)

as shown in Appendix G the independent bilinears are:

VOOY); Yy Y@ Y @yMYe): Yoy Y@ Y@y y ).

(10.253)
To exhibit their transformation properties we perform the transformation
¥ =Sy @) - ¥ @) =SSP =y TSy’ (10.254)
and use the relation (10.92) of Sect.9.3.3, namely
y'sTy? =57 (10.255)

Qsing (10.247) and (10.248) it is easy to show that gﬁ(x)w(x) is a scalar field while
¥ (x)y ¥ (x) is a pseudoscalar, i.e. under parity they transform as follows:

VY @x) = v D) )y v x) > = (D) Y (). (10.256)

By the same token, and using (10.250) and (10.251) as well, we find analogous
transformation properties for the remaining fermion bilinears. The result is summa-
rized in the following table:
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Bilinear P-transformed Kind

Y ()Y (x) Y (xp)¥(xp) Scalar field

Y ()Y Y (x) — U (xp)y ¥ (xp) Pseudo-scalar field

Y ()Y (x) Nup¥ (xp)y r (xp) Vector field

Y ()Y g (x) NV (xp)y >y (xp) Axial-vector field

V()Y (x) Nup o ¥ (xp) Y ¥ (xp) (Antisymmetric) tensor field

where, in the second column, there is no summation over the u and v indices, and
— (M
xp = (xp) = (ct, —X).
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